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1. Introduction
A nontrivial p-subgroup R of a finite group G is called radical if R =
Op(NG(R)). The present paper is the second one of the series of papers [8,
16–18], which project to classify the radical p-subgroups of all sporadic sim-
ple groups and every prime p, except possibly the Monster and the baby Monster
for p = 2.
The importance of such classifications is twofold. One is related with the Dade
conjecture: the classification is the first step to find suitable classes of radical
chains to which the conjecture are verified (see [11,12] for recent progress, in
which the results of [16–18] are used). The second and more natural one to the
second author is its connection with p-local geometries (see [15, Section 1] for
the detail): the classification is the first step to examine the simplicial complex
∆(Bp(G)) of chains of radical p-subgroups, which would be a crucial object to
understand “p-local geometries” for finite simple (specifically sporadic) groups
in a unified point of view.
The radical groups of sporadic simple groups of characteristic-2 type are
classified in [16]. In this paper, we classify the radical 2- and 3-subgroups of
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the sporadic simple-groups F22 and F ′24 of Fischer. We do not include F23,
though the classifications are carried out similarly, because of the existence of
the paper [1].
We follow the inductive method in [15,16], and frequently use the basic
techniques and the results about the Mathieu groups in [16, Sections 1, 2]. The
arguments are completely machine-free and self-contained except that we rely on
the classification of the maximal p-local subgroups of the largest Fischer group by
Linton and Wilson [7] and parts of arguments in [4,13]. Exploiting the geometry
of 3-transpositions, we tried to give self-contained accounts for descriptions of the
maximal local subgroups and determination of the fusions of some p-subgroups,
as possible.
The results are summarized in the form of table, where we give rough
structure of representatives R of classes of radical groups as well as their centers
Z(R) and the quotient groups NG(R)/R of their normalizers. The description
of Z(R) includes the fusion of its nontrivial elements, where for example
pn = AxByCz means that Z(R) is an elementary abelian group of order pn
with x (respectively y and z) subgroups of order p generated by elements in pA
(respectively pB and pC). When R =Z(R), we omit to denote the isomorphism
class of Z(R). If the fusion is not given, then Z(R) is conjugate to the center of
the representative at the row above.
We also give a brief comment whether or not a representative is centric: a p-
subgroup P is centric if every p-element of CG(P) lies in Z(P). If G is of
characteristic-p type, then all radical groups are centric [10, Section 4]. The
complex ∆cen(Bp(G)) of chains of centric radical p-subgroups seems to have
close connections to p-local geometries of G, in view of some recent results: one
is [5, Theorem 9.1] which affirmatively answers a conjecture about the alternating
sum decomposition of the cohomology of G given in [10, Section 4], and the
other is [9], which gives clear accounts for the connection above to a large class
of geometries.
Throughout this paper, we denote by F24 the largest 3-transposition group
of Fischer. We denote by G the simple group F ′24 in Sections 2, 4 and F22
in Sections 3, 5. We follow Atlas notation to denote the isomorphism type of
a group, including the standard notation such as pm, pn+m, p1+2m± , [pm], as
well as to indicate a conjugacy class of a particular group. Furthermore, for a
finite group G with a conjugacy class pX (p a prime), a subgroup of G is
called of type pX (respectively pX-pure) if it is generated by an element of the
class pX (respectively if all nontrivial elements of that subgroup lie in the class
pX). We sometimes refer to a subgroup of G isomorphic to a group H as an
(H-subgroup.)
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2. Radical 2-subgroups of F ′24
2.1. Descriptions of 2-local subgroups of F ′24
2.1.1. Basis and octads
There are four classes 2A, 2B , 2C, and 2D of involutions of F24, in which
2C is the class of 3-transpositions (or transpositions), so that the order of the
product of two transpositions is 1, 2, or 3. The union of 2A and 2B is the set of
involutions of the simple group G= F ′24. Each 2A (respectively, 2D)-element is
uniquely written as the product of two (respectively three) mutually commuting
transpositions. Moreover, we have
Lemma 1. C2C(ab) = C2C(a) ∩ C2C(b) and C2C(abc) = C2C(a) ∩ C2C(b) ∩
C2C(c) for three distinct mutually commuting a, b, c ∈ 2C.
A maximal set of mutually commuting transpositions consists of 24 transposi-
tions, which is called a basis.
Lemma 2. Let L be a basis and let P(L) be the power set of L, that is, the set of
all subsets of L, regarded as a vector space over F 2 with respect to the symmetric
difference. Then the set
C = {{a1, a2, . . . , am} ⊂ L∣∣a1a2 · · ·am = 1}
is a subspace ofP(L) isomorphic to the Golay code. In particular, if a1a2 · · ·am =
1, then m= 0,8,12,16, or 24.
The set of 8 mutually commuting transpositions whose product is the identity
element is called an octad.
Lemma 3. There exist just three bases L1, L2, and L3 containing an octad O .
They satisfy Li ∩ Lj = CLi (Lj ) = O for 1  i = j  3. In particular, we have
O = C2C(C2C(O)).
2.1.2. Basis stabilizer 211M24 and octad stabilizer 26+12(A8 × S3)
We fix a particular basis L. Then the set OL of octads contained in L endows
L with a structure of Steiner system S(5,8,24): that is, there is exactly one octad
contained in L which contains given 5 transpositions in L. The basis L generates
a 212-subgroup of F24 and hence L˜ := 〈L〉 ∩G is a 211-subgroup consisting of
even subsets of L. The 2A-involutions of L˜ correspond to the
(24
2
) = 276 duads
of L, and the 2B-involutions of L˜ correspond to
(24
2
)
/6 = 1771 sextets of L, the
equivalence classes of tetrads of L in which two tetrads are equivalent whenever
their union is an octad.
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The group L˜ is a unique 211-subgroup of a Sylow 2-subgroup of G
containing L. The normalizer NG(L˜) coincides with the stabilizer in G of L and
it is a nonsplit extension by L˜ of the Mathieu group M24. The action of NG(L˜)/L˜
on L˜ is equivalent to the natural action of M24 on the even part of the Golay
cocode.
To describe this action explicitly, we take the MOG arrangement of L and
follow the notation in [16, Section 2]. (Note that we adopt the new version of
MOG in [3], not the original version of Curtis.) In particular, we identify a 2C-
element in L with the letter indicating the position of the MOG arrangement
at which it appears. Take the standard octad O , corresponding to the left
brick {0, . . . ,7} in L. As it generates a 27-subgroup of F24, O˜ := 〈O〉 ∩ G
is a 26-subgroup consisting of even subsets of O . The normalizer NG(O˜) has
the following structure: O2(NG(O˜)) ∼= 26+8, CG(O˜)/O2(NG(O˜)) ∼= S3, and
NG(O˜)/O2(NG(O˜))∼= A8 × S3, where the A8-part is given by the stabilizer in
NG(L˜)/L˜∼=M24 of the octad O . In particular, the representation of the A8-part
afforded by O˜ is equivalent to the even part of the permutation module of A8
modulo the trivial submodule.
2.1.3. Actions on O˜ of 2-radicals of A8-part of NG(O˜)/O2(NG(O˜))
In the classification of radical 2-subgroups of G, we are required to know the
subspaces of O˜ fixed by unipotent radicals of the A8-part. For that purpose, we
present the representatives of unipotent radicals of A8 as explicit permutation
groups on O . The alternating group A8 is isomorphic to L4(2), a group of Lie
rank 3 over F 2, and hence it has exactly 7 classes of radical 2-subgroups indexed
by nonempty subflags of a maximal flag (p, l,π), where p = 〈e1〉, l = 〈e1, e2〉,
and π = 〈e1, e2, e3〉with natural basis ei (i = 1, . . . ,4) for the natural moduleF 42.
Define a matrix εij of SL4(2) to be the matrix with unique off-diagonal nonzero
entry at the (i, j)-position. Then the following subgroups UF are representatives
of unipotent radicals indexed by subflags F :
Up = 〈ε21, ε31, ε41〉 ∼= 23, Ul = 〈ε31, ε41, ε32, ε42〉 ∼= 24,
Uπ = 〈ε41, ε42, ε43〉 ∼= 23, Upl =UpUl, Upπ =UpUπ,
Ulπ =UlUπ, and Uplπ =UpUlUπ .
Recall now that the explicit isomorphism of the stabilizer of O in M24
with A8 is given as follows. Endow the set L\O of 16 transpositions (letters
8,9,A, . . . ,N ) with a structure of vector space over F 2 with basis ei (i =
1, . . . ,4) by specifying 8 → 0, 9 → e1, A → e2, C → e3, G → e4, etc., as shown
in the table below:
0 e3 e4 e3 + e4
e1 e1 + e3 e1 + e4 e1 + e3 + e4
e2 e2 + e3 e2 + e4 e2 + e3 + e4
e1 + e2 e1 + e2 + e3 e1 + e2 + e4 e1 + e2 + e3 + e4
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Any permutation σ of M24 preserving the left-brick O and fixing the point 8
(corresponding to 0) induces a permutation σ ′ of L\(O ∪ {8}), which gives
a nonsingular linear transformation σ¯ of the 4-space 〈ei | i = 1, . . . ,4〉. Then
ρ :A8 ∼= (M24)O,8  σ → σ¯ ∈ SL4(2) is an isomorphism of the permutation group
A8 on O with SL4(2).
Conversely, if we are given a matrix σ¯ , we immediately find the corresponding
permutation σ ′ on L\(O ∪ {8}), and it is not difficult to extend it to a uniquely
determined permutation σ˜ of M24 on L. Then its restriction on O is the
permutation σ of (M24)O,8 ∼= A8 with ρ(σ) = σ¯ . Setting ρ−1(εij ) =: σij ,
calculation shows:
σ21 = (04)(15)(27)(36), σ31 = (02)(13)(47)(56),
σ41 = (01)(23)(45)(67), σ42 = (02)(13)(46)(57),
σ43 = (04)(15)(26)(37), σ32 = (03)(12)(45)(67).
Thus replacing εij by σij in the explicit presentation of representatives UF of
radical 2-subgroups of L4(2), those of A8 are obtained as permutation groups
on O . Then the following is easily obtained by straightforward calculation.
Lemma 4. Consider A8 as a permutation group on the octad O = {0, . . . ,7}, and
letWO be the even part of the corresponding permutation module modulo the triv-
ial submodule. Then the subspaces CWO (UF ) fixed by the above representatives
UF of radical 2-subgroups of A8 are:
CWO (Uπ)= 〈0123,0145,0246〉∼= 23,
CWO (Up)= 〈0123,0145,0247〉∼= 23,
CWO (Upπ)= 〈0123,0145〉 ∼= 22, and
CWO (UF )= 〈0123〉 ∼= 2 if l ∈ F ⊆ {p, l,π}.
2.1.4. Centralizer of a 2B-element
As in the above expositions, we fix a basis L and use the MOG arrangement of
L. Let 0123 be a 2B-element and set P := CF24(0123). Then P is an extension
by the extraspecial group 21+12+ of a group with shape 3.U4(3) : 22. Under the
natural projection from P onto P/O2(P ), the set of 2C-elements in CF24(0123)
corresponds to the class of 126 reflections in U4(3).22 ∼=O−6 (3) : 22 with a fixed
norm. There are exactly four 2C-elements in P corresponding to a reflection:
they form a single conjugacy class under O2(P ) and their product is 0123. For
example, the transpositions 0, 1, 2, and 3 form such an orbit. In particular, the
2C-elements of P form a single conjugacy class of length 126 × 4. Moreover,
each 2B-element is written as a product of four commuting transpositions in 126
essentially different ways.
The image of L under the natural projection P → P/O2(P ) corresponds
to a maximal set of mutually commuting reflections of O−6 (3) : 22. Observing
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this group, we see that it consists of 6 reflections, and that each reflection of
O−6 (3) : 22 commutes with at least one of those 6 reflections. Taking the 2C-
elements of P corresponding to those reflections, we have the following.
Lemma 5. For any element a ∈C2C(0123)\L, we have CL(a) = ∅.
2.1.5. Trio stabilizer 23+12(L3(2)×A6)
Let L be the fixed basis as before. Take the trio T = {O = O1,O2,O3}
consisting of the left, middle and right bricks of the MOG arrangement of L.
The subgroup ZT := ⋂3i=1〈Oi〉 is a 2B-pure 23-subgroup (and hence lies in
G = F ′24), which is called the trio subgroup corresponding to T (in L). A
trio subgroup is a conjugate of ZT under G. The nontrivial elements of ZT
correspond to 7 sextets subdividing the trio T : explicitly, they are 0123, 0145,
0167, 0246, 0257, 0347, and 0356. The normalizer of ZT has the following
structure: O2(NG(ZT )) ∼= 23+12 and NG(ZT )/O2(NG(ZT )) ∼= L3(2) × A6,
where CG(ZT )/O2(NG(ZT ))∼= A6 and ZT is the natural module of the L3(2)-
part. In particular, every 2-subspace of ZT is conjugate to 〈0123,0145〉.
Set P = 〈C2C(ZT )〉 = CF24(ZT ). Then P is an extension by 23+12 of the
symmetric group S6. The images in P/O2(P ) of 2C-elements of P form the
class of transpositions of S6. The inverse image in P of a transposition of S6 has
just 8 2C-elements: they form an octad, which is a conjugacy class under O2(P ).
Now the following lemma is easily verified [6, Lemma 4.9].
Lemma 6. (1) For every 2C-element a of O , we have aO2(P ) =O .
(2) For any element b ∈C2C(ZT )\L, the set CL(b) is Oj for some j = 1,2,3.
(3) The group ZT is the intersection of 〈bO2(P )〉 (the group generated by an
octad bO2(P )) for all b ∈C2C(ZT ).
Lemma 7. (1) For V = 〈0123,0145〉, we have NG(V )NG(ZT ).
(2) For W = 〈0123,0145,0247〉, we have NG(W)NG(O˜).
Proof. (1) By Lemma 6(3), ZT is uniquely determined by C2C(ZT ). Thus it
suffices to show C2C(ZT ) = C2C(V ). The inclusion C2C(ZT ) ⊆ C2C(V ) is
trivial.
In the Steiner system S(5,8,24) on the basis L, let {Sj }, {Tj }, and {Uj } (j =
1, . . . ,6) be the sextets determined by the 2B-elements 0123, 0145, and 0245,
respectively. Observe that each tetrad of one of those sextets evenly intersects
with every tetrad of the other sextets.
Let x ∈ C2C(V ). By Lemma 5, there exists a ∈ CL(x). We may assume
that the tetrads S1, T1, and U1 contain a. From the above remark we have
S1 = {a, b, a1, a2}, T1 = {a, b, b1, b2}, and U1 = {a, a1, b1, c1} for some 2C-
elements b, ai , bi , ci (i = 1,2) such that they form an octad in L together with a.
As x is a 2C-element centralizing 0123= aba1a2 and a, it follows from Lemma 1
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that x commutes with b, a1, and a2. Similarly, x commutes with b, b1, and b2,
and hence c1 and c2 as well, since x centralizes 0123 · 0145 = 0167 = abc1c2.
Hence x centralizes ab1a1c1 = 0246, and so x ∈C2C(ZT ), as desired.
(2) By Lemma 3, we have O = C2C(C2C(O)). Hence it suffices to show
C2C(O)= C2C(W), as 〈O〉∩G= O˜ . The inclusionC2C(O)⊆ C2C(W) is trivial.
For x ∈ C2C(W), we have x ∈ C2C(V ) = C2C(ZT ) by (1). If x ∈ L, we have
x ∈C2C(O). Thus we may assume x /∈ L. By Lemma 6, we have CL(x)=O , O2
or O3. Since 0247 /∈ ZT , the sextet determined by the tetrad {0,1,2,7} does not
subdivide the trio T . Hence that sextet contains a tetrad intersecting with both O2
and O3 in two elements. This implies that there exist some i, j ∈ O2, m,n ∈O3
satisfying 0247 = ijmn. If CL(x) = Ok for k = 2 or 3, then x commutes with
ij or mn as well as 0247, and hence x centralizes both ij and mn by the above
relation. However, this implies that a 2C-element x centralizes i , j , m, and n
from Lemma 1, which contradicts the fact CL(x)=Ok . Thus O = CL(x) and so
x ∈C2C(O) as required. ✷
2.1.6. Local subgroup 28 :O−8 (2)
It is known [14, Proposition 3.2.2] [7, Table 2.2] that there are two classes
of 2A-pure 22-subgroups of G, with representatives E1 and E2 with CG(E1) ∼=
22.U6(2) and CG(E2) ∼= 22 × (O+8 (2) : 3). Moreover, there is no 2A-pure sub-
group properly containing E2. Take a unipotent radical Up of Ω := CG(E2)′ ∼=
O+8 (2) corresponding to a singular point p. Then NΩ(Up)∼= 26 : L4(2). We set
V8 :=E2 ×Up ∼= 28.
Lemma 8. (1) With the notation above, V8 ∼= 28 contains 136 (respectively 119)
2A (respectively, 2B)-involutions. The normalizer NG(V8) is isomorphic to the
extension by V8 of O−8 (2), in which V8 affords the natural orthogonal module
with 2B-involutions corresponding to the singular vectors.
(2) The normalizer of a singular 3-subspace of the O−8 (2)-space V8 is
contained in the normalizer of an octad subgroup.
(3) The normalizer of a singular 2-subspace of V8 is contained in the
normalizer of a trio subgroup.
Proof. (1) We define a quadratic form q on V8 by q(x)= 0 iff x is a 2B-element
or the identity element. As O+6 (2)∼= L4(2) acts naturally on Up ∼= 26, Up has 35
(respectively 28) singular (respectively, nonsingular) points with respect to q . On
the other hand, E2 is a 2-subspace of V8 of minus type, as it is 2A-pure. As there
is no 2A-pure subgroup properly containing E2, V8 = E2 ⊕Up is of minus type
with 136 2A-elements corresponding to the nonsingular vectors.
The normalizer NF24(V8) contains a pair {d, e} of transpositions, if de is
a 2A-element of V8. Thus NF24(V8)/V8 is a subgroup of SO
−
8 (2) which contains
136 elements of N2C(V8), and, therefore, we have NF24(V8)/V8 ∼= SO−8 (2) and
NG(V8)/V8 ∼=O−8 (2).
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(2) First we note that the 3-transposition subgroups of F24 isomorphic to
28O−8 (2).2 form a single conjugacy class. (Recall that a subgroup of F is called
3-transposition subgroup if it is generated by its intersection with the class 2C).
The above fact is implicitly stated in [14, 3.3.3]. In particular, the group NF24(V8)
is contained in a maximal subgroup isomorphic to O−10(2) : 2, which is a 3-
transposition subgroup. Let L∗ be a maximal mutually commuting subset of
N2C(V8) and L be a basis containing L∗. As NF24(V8) is a maximal parabolic
subgroup of O−10(2) : 2, |L∗| coincides with the maximum number of mutually
commuting transvections in O−10(2) : 2, which is calculated to 16. Moreover, we
see the product of the elements of L∗ is the identity, observing O−10(2) : 2. Hence
L\L∗ is an octad. We may assume L\L∗ =O3 and L∗ =O1 ∪O2.
We set P = 〈N2C(V8)〉 ∼= 28 : O−8 (2) : 2. For each x ∈ L∗, |xO2(P )| = 2 as
we saw above. Hence we may assume 0O2(P ) = {0,1}. Let a be an element of
L∗ with 2O2(P ) = {2, a}. Then a = 0,1,2. Suppose a = 3. Then, by the structure
of S(5,8,24), there exist some i, j ∈ L∗, m,n ∈ O3 with 012a = ijmn. This
contradicts the fact L∗ is a conjugacy class in NP (L∗). Similarly we can prove
that the O2(P )-orbits on L∗ are {2i,2i + 1} (i = 0, . . . ,7) with the convention
10=A, 11= B, . . . ,15= F . Then the 2B-elements in V8 ∩ 〈L∗〉 are of the form
(2i)(2i+ 1)(2j)(2j + 1) (0 i  j  7). The number of such elements is seven,
and these together with the identity element form a 2B-pure subgroup of V8.
Observing the MOG, we may check that this singular 3-subspace of V8 is also
written as follows, using the transpositions in O3:
〈GHIJ,GHKL,GIKN〉.
Hence the claim follows from Lemma 7(2) (or observing that the last group is
contained in the unique octad subgroup 〈O3〉 of F24).
(3) This claim is just a corollary of the claim (2) and Lemma 7(1). ✷
2.2. The Coxeter–Todd lattice and its automorphism group
The centralizer of a 2B-element of G is an extension by the extraspecial group
21+12+ of a group T with shape 3.U4(3) : 2, where T ′ is a subgroup of T of index 2
with center Z(T ′)∼= 3 and T ′/Z(T ′)∼=U4(3). The factor group T/Z(T ′) has the
isomorphism type U4(3) : 22 in the notation of [2, p. 52], which is isomorphic to
the central quotient of the automorphism group of the Coxeter–Todd lattice Λ,
but an outer involution of T/Z(T ′) inverts Z(T ′). The group T is described in [7]
as a subgroup of SU6(2) extended by a field automorphism. For our purpose, it
suffices to know the radical 2-subgroups of T/Z(T ′) not contained in T ′/Z(T ′)
as well as those of T ′/Z(T ′), because every radical 2-subgroup of T ′ is that of
T by [17, Lemma 4(2)]. Thus we follow the descriptions of Aut(Λ)∼= T/Z(T ′)
in [3].
Let R = Z[ω] be the ring over Z generated by a cubic root of unity ω :=
(−1+ θ)/2 in the complex number field C, where we set θ := √−3= ω−!ω. For
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x, y ∈ R, we denote x ≡ y (mod a) if x − y lies in the principal ideal generated
by a ∈ R. For example, θ ≡ 1 (mod 2). The image of x ∈ R in R/Ra is denoted
x mod a. But, by abuse of notation, we often use the letters ω and !ω to denote
their images in R/2R, which are primitive cubic roots of unity in R/2R ∼= F 4.
For an element x = (xi)ni=1 of the R-free module Rn of row vectors of degree n,
x mod 2 denotes the vector (xi mod 2)ni=1 of F
n
4 . Recall that the hexacode H is
a subspace of F 64 defined by
H := {(x, y, z, x + y + z,!ωx +ωy + z,ωx +!ωy + z) ∣∣ x, y, z ∈ F 4}.
Define R-submodules Λ(2) and Λ(4) of R6 by
Λ(4) :=
{
(xi)
6
i=1 ∈R6
∣∣ x1 ≡ · · · ≡ x6 (mod 2), 6∑
i=1
xi ≡ 2!ωx1 (mod 4)
}
,
Λ(2) := {x ∈R6 ∣∣ x mod 2 ∈H}.
They are unimodularR-lattices with respect to the usual hermitian form h(x,y)=∑6
i=1 xiyi ; that is, Λ=Λ(i) (i = 2 or 4) is a free R-submodule of C6 such that
for x ∈ C6 it lies in Λ iff h(x, y) ∈ R for every y ∈Λ. It is straightforward to see
that the x → xQ gives an isometry of (Λ(2), h) with (Λ(4), h), where
Q=
(
1 1
1 −1
)
⊕
(
1 1
1 −1
)
⊕
(
1 1
1 −1
)
.
Note Q−1 = (1/2)Q. An R-lattice isometric to (Λ(2), h) or (Λ(4), h) is called
a Coxeter–Todd lattice.
For the Coxeter–Todd lattice Λ = Λ(i) (i = 2 or 4), its automorphism group
Aut(Λ) is defined to be
Aut(Λ) := {σ ∈GU6(C) ∣∣Λσ =Λ}.
The center of Aut(Λ) is a cyclic group of order 6 generated by −ωI . Reducing
Λ(4) modulo θ , we have a 6-space F 63 with an induced quadratic form q¯(x¯) :=
h(x,x) mod 3, which is of Witt index 2. As Aut(Λ(4)) preserves the hermitian
form h and hence q¯ , we see that C := Aut(Λ(4))/Z(Aut(Λ(4))) is isomorphic to
a subgroup of GO−6 (3). The order of Aut(Λ) is obtained in [3, Section 5], and
thus C contains O−6 (3)= GO−6 (3)′ ∼= U4(3) of index 2 but does not correspond
to SO−6 (3).
We describe maximal 2-local subgroups of C :=Aut(Λ(4))/Z(Aut(Λ(4))) and
their intersections with D := C′ = (Aut(Λ(4)) ∩ SU6(C))/Z(Aut(Λ(4))). From
the definition of Λ(4), it is immediate to see that the following matrices are
contained in Aut(Λ(4)): εX := diag(ai) with ai = −1 (respectively 1) if i ∈ X
(respectively i /∈X), for every even subset X of the indices I = {1, . . . ,6}; and all
permutation matrices on I . They generate the visible subgroup M(4) ∼= 25 : S6 in
base 4. Then M(4) ∩ SU6(C)∼= 25 :A6 is generated by sign-changes εX for even
subset X of I and all alternating permutation matrices on I .
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In view of the definition of Λ(2), Aut(Λ(2)) contains the visible subgroup M(2)
(in base 2), generated by the sign-changes εX for every subset X of I and all
monomial matrices with entries in {0,1,ω,!ω} which preserve the hexacode H
(under the identification of entries with the corresponding elements of F 4). It is
not difficult to see that the latter monomial matrices generate a group isomorphic
to 3 ·A6, in which the center is a subgroup generated by a scalar matrix ωI . The
following matrices hijk are generators of 3 ·A6 corresponding to the permutation
(ijk) of A6.
h123 :=
(0 1 0
0 0 1
1 0 0
)
⊕
(1 0 0
0 !ω 0
0 0 ω
)
,
h234 = (1)⊕
(0 1 0
0 0 1
1 0 0
)
⊕
(
ω 0
0 !ω
)
,
h345 :=
(!ω 0
0 ω
)
⊕
(0 1 0
0 0 1
1 0 0
)
⊕ (1),
h456 :=
(
ω 0 0
0 !ω 0
0 0 1
)
⊕
(0 1 0
0 0 1
1 0 0
)
.
Then M(2) ∼= 26 : (3 · A6) and M(2) ∩ SU6(C) ∼= 25 : (3 · A6), in the latter 25
corresponds to the subgroup consisting of εX’s with X even subsets of I .
Note that the isomorphism of Aut(Λ(2)) with Aut(Λ(4)) is given by σ →
Q−1σQ (σ ∈ Aut(Λ(2))), whereQ is the above matrix giving an isometry of Λ(2)
with Λ(4). Thus Aut(Λ(4)) contains 2-local subgroups Q−1M(2)Q∼= 26 : (3 ·A6)
and M(4) ∼= 25 : S6. The corresponding subgroups of
D = C′ = (Aut(Λ
(4))∩ SU6(C))
〈(−ω)I6〉
∼=U4(3)
are denoted N(2) and N(4), and we set L :=O2(N(2)) and R :=O2(N(4)):
N(2) =Q−1M(2)Q/〈(−ω)I6〉∼= 24 :A6,
N(4) =M(4)/〈(−ω)I6〉∼= 24 :A6,
L :=Q{εX ∣∣X ⊆ I, |X| : even}Q−1/〈−I6〉,
R := {εX ∣∣X ⊆ I, |X| : even}/〈−I6〉.
In the following, the image of sign-change ε{i,j} mod 〈−I6〉 will be denoted εij .
Notice that ε12ε34ε56 = 1 etc. We also write a permutation matrix on the index set
I by the corresponding permutation on I . Using the explicit shape of Q, we find:
L= 〈ε12, ε56, (12)(34), (34)(56)〉∼= 24, R = 〈ε12, ε23, ε34, ε45〉 ∼= 24.
Remark that L=Q−1RQ and ND(L)=Q−1ND(R)Q.
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The centralizer CD(ε56) of an involution ε56 in D ∼=U4(3) is calculated easily.
It has the following structure:
S :=O2
(
CD(ε56)
)= 〈ε12, ε13, ε14, (12)(34), (13)(24)〉∼= 21+4+ ,
CD(ε56)= ST1T2,
where T1 =
〈
(123), (12)(56)
〉∼= S3 and T2 = 〈ε46,m〉 ∼= s3,
[T1, T2] = 〈ε56〉, and m :=Q−1
(
h−1123ε14(12)(56)
)
Q is
1
2

−1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1
⊕ 12
(
1 −θ
θ −1
)
.
The elementary abelian 2-subgroups of D ∼= U4(3) are easily classified: Let
E be an elementary abelian 2-subgroup of D. As M(2) contains a Sylow 2-
subgroup R〈(12)(34), (13)(24), (34)(56)〉 of D, we may assume that it contains
E but E  R, and hence that the image of E modulo R is 〈(12)(34)〉R/R,
〈(12)(34), (13)(24)〉R/R or 〈(12)(34), (34)(56)〉R/R. As CR((12)(34)) and
CR((34)(56)) coincide with 〈ε12, ε34〉, the involutions in the coset R(12)(34)
are conjugate to (12)(34) under R. In particular, we may always assume that
(12)(34)∈E. Thus one of the following holds:
E = (E ∩R)〈(12)(34)〉 with E ∩R  CR((12)(34))= 〈ε12, ε34〉,
E = (E ∩R)〈(12)(34), r(13)(24)〉
for some r ∈CR
(
(13)(24), (12)(34)
)= 〈ε56〉 and
E ∩R CR
(
(12)(34), (13)(24)
)= 〈ε56〉, or
E = (E ∩R)〈(12)(34), s(34)(56)〉
for some s ∈ CR
(
(34)(56)
)= 〈ε12, ε34〉 and
E ∩R CR
(
(12)(34), (34)(56)
)= 〈ε12, ε34〉.
This implies that E is contained in R or L up to conjugacy, since in the second
case we may verify that 〈ε56, (12)(34), (13)(24)〉 is conjugate to a subgroup
〈ε56, ε34, ε24〉 of R under the element Q−1(h123)−1Q of N(2).
From the action ofA6 on subspaces of 24, there are just two (respectively three)
classes of 23 (respectively 22)-subgroups of D with representatives 〈ε56, ε34, ε13〉
and 〈ε56, ε34, (12)(34)〉 (respectively Flr = 〈ε56, ε34〉, Fr = 〈ε56, ε45〉, and
Fl = 〈ε56, (34)(56)〉). Every involution is conjugate to ε56, and R and L are
representatives of two classes of 24-subgroups of D ∼=U4(3).
Their normalizers are easily calculated. We have ND(R)=N(4) and ND(L)=
N(2). We have CD(Flr ) = R〈(12)(34), (34)(56)〉, and ND(Flr ) is generated by
this group with 〈(13)(24), (135)(246)〉. Thus ND(Flr )  ND(R) = N(4). As
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CD(Fr) = R〈(123)〉 (respectively CD(Fl) = L〈Q−1h123Q〉), the normalizer of
Fr (respectively Fl ) normalizes the O2-part R (respectively L) of its centralizer.
As the centralizer of a 23-subgroup of R (respectively L) coincides with R
(respectively L), its normalizer lies in N(4) (respectively N(2)). Thus we
conclude:
Lemma 9. There are just three classes of maximal 2-local subgroups of D ∼=
U4(3), with representatives CD(ε56) = ND(S) ∼= 21+4+ · (S3 × S3), N(2) =
ND(L)∼= 24 :A6 and N(4) =ND(R)∼= 24 :A6.
We set Us := S ∼= 21+4+ , Ul := L, Ur := R, and UF :=
∏
x∈F Ux for
a nonempty subset F of {l, s, r}. By maximality of their normalizers, Ux are
radical 2-subgroups of U4(3) for x = l, s, r . Note that Uls = S〈(12)(56)〉, Usr =
S〈ε46〉, Ulr =R〈(12)(34), (34)(56)〉, and Ulsr = S〈(12)(56), ε46〉.
Lemma 10. There are exactly 7 classes of radical 2-subgroups of the simple group
U4(3), with representatives UF for nonempty subsets F of {l, s, r}.
Proof. Let U be a radical 2-subgroup of D ∼= U4(3). It follows from Lemma 9
that ND(U)ND(Ux) for x = l, s, or r up to conjugacy.
Assume that ND(U)  ND(R) but U = R. Then U/R ∈ B2(ND(R)/R)
by [17, Lemma 1(1)]. Recall that ND(R)/R ∼= A6 has three classes of radi-
cal 2-subgroups represented by 〈(12)(34), (13)(24)〉, 〈(12)(34), (34)(56)〉, and
〈(12)(34), (13)(24), (34)(56)〉. In view of actions of those representatives on
R, the even part of the natural module of A6 modulo the trivial subgroup,
the subspace of R fixed by those representatives are 〈ε56〉 for the first and
the last and 〈ε12, ε34〉 = Frl for 〈(12)(34), (34)(56)〉. Thus if U/R is con-
jugate to 〈(12)(34), (13)(24)〉 or a Sylow 2-subgroup of A6, then Z(U) =
CR(U/R) = 〈ε56〉 and hence ND(U)  CD(ε56) = ND(Us). If U/R is conju-
gate to 〈(12)(34), (34)(56)〉, then U = R〈(12)(34), (34)(56)〉 = Ulr . In this case
Z(Ulr ) = Flr and ND(Ulr)  ND(R) as we saw in the paragraph preceding
Lemma 9. Then it follows from [17, Lemma 1(2)] that Ulr is in fact a radical
2-subgroup of D.
Assume next that ND(U)ND(L) but U = L. Then U/L ∈ B2(ND(L)/L)=
B2(A6). Since ND(L) = Q−1ND(R)Q, where Q is the matrix giving the
isometry of Λ(2) with Λ(4), the argument in the above paragraph show that either
Z(U) = Q−1〈ε56〉Q = 〈ε56〉 or U =Q−1UlrQ = Ulr . Thus ND(U)  ND(Us)
or U =Ulr in this case.
In the remaining case when ND(U)  ND(Us), the inverse image of every
radical 2-subgroup of B(ND(Us)/Us) = B2(S3 × S3) is a radical 2-subgroup
of D, as Us is extraspecial [17, Lemma 1(4)]. There are three classes of radical
2-subgroups of S3 ×S3 ∼=ND(Us)/Us , with representatives 〈(12)(56)〉, 〈ε46〉 and
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Table 1
Radical 2-subgroups of (3 ·U4(3))22
U U ∼= Z(U) NT (U)/U U U ∼= Z(U) NT (U)/U
U∅′ 2 〈(56)〉 U4(2)
Ul 24 =A15 A6 × S3 Ul′ 25 =A15D6E10 A6
Ulr Ul22 22 =A3 S3 × S3 Ulr ′ Ul23 22 =A3 S3
Ur 24 =A15 3S6
Us 21+4+ 2=A1 S3 × S3 × S3 Us′ Us2 2=A1 S3 × S3
Uls Us2 2 S3 × S3 Uls′ Us22 2 S3
Usr Us22 2 S3 × S3 Usr ′ Us22 2 S3
Ulsr Us22 2 S3 Ulsr ′ Us23 2 1
their product, as we see from the description of CD(ε56)=ND(Us) above. Thus
Usr , Usl , and Ulsr correspond to those representatives. ✷
Lemma 11. Let T be a finite group with the derived subgroup T ′ of index 2
and O3(T ) = Z(T ′) ∼= 3 but Z(T ) = 1. Assume that T/O3(T ) is isomorphic to
Aut(Λ)/〈−ωI 〉, the central quotient of the automorphism group of the Coxeter–
Todd lattice Λ(U4(3).22 in the notation of Atlas). Then there are just 14 classes
of radical 2-subgroups of T , in which 7 are contained in T ′. The representatives
are as in the Table 1, where UF ′ =UF 〈(56)〉 in the notation above.
Proof. We use the notation in this subsection. It follows from [16, Lemma 4]
that the classes of radical 2-subgroups of D = T ′/O3(T ) ∼= U4(3) bijectively
correspond to those of T ′ and the latter are contained in B2(T ). The group
C = T/O3(T ) ∼= Aut(Λ(4))/〈−ωI6〉 contains an involution ρ := (56) which is
not contained in D but normalizes each UF (F ⊂ {l, s, r}) of the representatives of
classes of radical 2-subgroups ofD. Thus each T ′-class of the radical 2-subgroups
of T contained in T ′ is a T -class as well. The normalizer NT (U) in T of
one of those radical subgroups is an extension of NC(UF ) by O3(T ), where
NC(UF ) is the direct product of ND(UF ) with 〈ρ〉, unless F = r . Thus, if
F = r , then NT (U)/O3(T ) = CNT (U)/O3(T )(ι) ∼= CNT (U)(ι) for an involution
ι of NT (U) corresponding to ρ, as ι inverts O3(T ). As CNT (U)(ι) ∩ T ′ is
a subgroup of CNT (U)(ι) of index 2 centralizing 〈ι,O3(T )〉 ∼= S3, we have
NT (U) ∼= ND(UF ) × S3. This accounts for the group “NT (U)/U” in the left
half of the Table 1.
It remains to determine the T -classes of radical 2-subgroups not contained
in T ′. We follow the method described in [17, Lemma 3]: Let U be such
a radical 2-subgroup of T , and denote its image in C = T/O3(T ) by !U . The
intersection U ∩ T ′ is either 1 or a radical 2-subgroup of T ′, and hence we may
assume that its image U ∩ T ′ in D = T ′/O3(T ) is one of the representatives UF ,
for F ⊆ {l, s, r}, allowing F = ∅ with convention U∅ = 1. Then !U = UF 〈x¯〉,
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where x¯ corresponds to a 2-element of (NC(UF )/UF )\(ND(UF )/UF ) whose
centralizer in ND(UF )/UF has the trivialO2-part. SinceU is obtained as a Sylow
2-subgroup of the inverse image of such UF 〈x¯〉, it suffices to determine the
ND(UF )/UF -classes of such 2-elements x¯ for each F .
If F = ∅, there are two classes of involutions in C\D with representatives
ρ = (56) and ε12ρ [2, p. 54]. As their centralizers in D are U4(2) and 24(324),
we conclude that there is a single class of 2-elements of C\D whose centralizers
in D have trivial O2-parts: it is represented by ρ, and thus U is conjugate to 〈ρ〉
in this case.
If F = s, ND(Us)/Us ∼= S3 × S3, which is covered by T1T2, where T1 =
〈(123), (12)(56)〉 and T2 = 〈m,ε46〉. As mρ ≡ m and ε45 ≡ ε46 in ND(Us)/Us ,
ρ = (56) centralizes ND(Us)/Us . Then every 2-element of NC(Us)/Us outside
ND(Us)/Us is of the form xρ for some 2-element x of ND(Us)/Us . If x = 1, the
centralizer of xρ in ND(Us)/Us coincides with that of x , and hence its O2-part
is a nontrivial subgroup containing x . Hence x = 1. Thus it follows from [16,
Lemma 3] that there is a single class of radical 2-subgroupsU of C which are not
contained in D and U ∩D are conjugate to Us , with representative Us ′ :=Us〈ρ〉.
The above argument also shows that U is conjugate to UF ′ := UF 〈ρ〉 if F
properly contains s, as ND(UF )/UF is covered by T2, T1, or 1, respectively, for
F = ls, sr , or lsr , which is centralized by ρ modulo UF .
For F = l, ρ = (56) also centralizes ND(Ul)/Ul ∼= A6, because ρ lies in
the normal subgroup CC(Ul) of NC(Ul), as Ul = 〈ε12, ε34, (12)(34), (34)(56)〉.
Then U is conjugate to Ul′ := Ul〈ρ〉, applying [16, Lemma 3] and observing
the centralizers in A6 of 2-elements in the other classes in (A6 × 2)\A6 are
2-subgroups. Furthermore, U is conjugate to Ulr ′ :=Ulr〈ρ〉 if F = lr .
However, in the remaining case where F = r and ND(Ur)/Ur ∼= A6, ρ acts
nontrivially on the quotient, and NC(Ur)/Ur ∼= S6. In fact, the centralizer of
ρ in ND(Ur)/Ur corresponds to the even permutations on {1,2,3,4} × {5,6},
forming a group S4. Since the centralizer in A6 of every 2-element in S6\A6 has
the nontrivial O2-part, there is no radical 2-subgroup U of T containing Ur of
index 2. ✷
2.3. Classification
It follows from [7,14] that every 2-local subgroup of G is contained in one of
the following groups up to conjugacy:
• L1 :=CG(z)∼= 2 · F22 : 2, the centralizer of a 2A-element z;
• L2 :=CG(w)∼= 21+12+ · 3 ·U4(3) : 2, the centralizer of a 2B-element w;
• L3 := NG(E1) ∼= 22 · U6(2) : S3, the normalizer of a 2A-pure 22-subgroup
E1;
• L4 := NG(O˜) ∼= 26+8 · (A8 × S3), the normalizer of the octad subgroup
O˜ ∼= 26 (see Section 2.1);
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• L5 :=NG(L˜)∼= 211 ·M24, the normalizer of the basis subgroup L˜∼= 211 (see
Section 2.1);
• L6 := NG(ZT ) ∼= 23+12 · (L3(2)× A6), the normalizer of the trio subgroup
ZT ∼= 23 (see Section 2.1);
• L7 := NG(E2) ∼= (A4 × O+8 (2) : 3) : 2, the normalizer of a 2A-pure 22-
subgroup E2;
• L8 := NG(V˜ ) ∼= 28 : O−8 (2), the normalizer of the subgroup V˜ ∼= 28 in
Section 2.1.
There are exactly two classes of 2A-pure 22-subgroups of G [7, Table 2.2] with
representatives E1 and E2. We may assume that E1 = 〈01,02〉, a subgroup of O˜
(see Section 2.1), and that E2 is the O2-part of an S4-subgroup generated by
transpositions of F24.
Set Vi :=O2(Li) (i = 1, . . . ,8). Then
V1 ∼= 2, V2 ∼= 21+12+ , V3 =E1 ∼= 22, V4 ∼= 26+8,
V5 = L˜∼= 211, V6 ∼= 23+12, V7 =E2 ∼= 22, V8 = V˜ ∼= 28.
The maximality of Li implies that Li = NG(Vi) and Vi ∈ B2(G) for every
i = 1, . . . ,8.
Let R be a radical 2-subgroup of G. Then NG(R)  Li for some i up to
conjugacy.
Step 1. If NG(R) L7 but R = V7, then either R = V8 or NG(R) is contained in
L1, L2, L4 or L6 up to conjugacy.
Proof. If R/V7 is not contained in (L7/V7)∞ ∼= O+8 (2), then R contains an
element which exchanges two involutions of V7 ∼= 22. Thus NG(R) ( L7)
centralizes the unique remaining 2A-element of V7, and hence NG(R)  L1 up
to conjugacy. Hence we may assume that R/V7 is contained in O+8 (2). Then R =
V7×U , whereU is a unipotent radical UF of Ω := L∞7 ∼=O+8 (2) for some flag F
of the D4-building associated with Ω . We may take {p, l,H1,H2} as a maximal
flag, where p (respectively l, H1, and H2) is a totally singular 1 (respectively 2, 4,
and 4)-subspace of the natural module for O+8 (2) such that p ⊆ l ⊆H1 ∩H2 and
H1 ∩H2 is a 3-subspace. The group L7 induces the automorphism group S3 on
Ω ∼= O+8 (2), which permutes {p,H1,H2} while fixes l. Hence up to conjugacy
under L7, we may take F as one of the following seven flags: p, l, pl, H1H2,
lH1H2, pH1H2, and plH1H2.
It follows from [14, Table 17] that 2A (respectively 2BCD)-elements of Ω are
2B (respectively 2A)-elements of G= F ′24, and that the product of an involution
of V7 with a 2A (respectively 2BCD)-element of Ω is a 2A (respectively 2B)-
element of G. As Ul ∼= 21+8+ has center of type 2A in Ω ∼=O+8 (2), Z(UF ) is of
type 2A in Ω , if F contains l. Thus if F contains l, then Z(R) = V7 × Z(UF )
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contains the unique subgroup of type 2B in G, namelyZ(UF ). ThusNG(R) L2
up to conjugacy, if F = l, pl, lH1H2 or plH1H2.
By Lemma 8(1), V7 × Up is conjugate to V8. If F = H1H2 or pH1H2, then
Z(R) ∩Ω is a 2B-pure 23 or 22-subgroup of G which is contained in V7 × Up
up to conjugacy, as Z(UH1H2)= UH1 ∩UH2 is conjugate to Up ∩UH1 under L7.
Thus it corresponds to a singular 3 or 2-subspace of V8. Then it follows from
Lemma 8, (2) and (3), that the normalizer of Z(R)∩Ω in G and hence NG(R) is
conjugate to a subgroup of Li , for i = 4 or 6, the normalizer of an octad or a trio
subgroup. ✷
Step 2. If NG(R) L3 but R = V3, then NG(R) is contained in L1, L2, L4 or L5
up to conjugacy.
Proof. As L3/CG(V3) naturally acts on V3 ∼= 22, if R/V3 is not contained in
U6(2)∼= CG(V3)/V3, then R/V3 contains an element which flips two involutions
of V3. Then V3 ∩ Z(R)# consists of a single 2A-element and NG(R)  L1 up
to conjugacy. Thus we may assume R/V3  U6(2). Then R/V3 is a unipotent
radical of U6(2) which corresponds to a flag F of totally isotropic subspaces
of the natural module for U6(2). If the initial term of F is a totally isotropic
i-subspace for i = 1,2 or 3, then R/V3 contains a normal subgroup isomorphic to
21+8+ , 24+8 or 29, whose normalizer in U6(2) has a Levi complement isomorphic
to U4(2), (3 × A5)2 or L3(4), respectively. Moreover, we may assume that the
centers of unipotent radicals for totally isotropic i-subspaces (i = 1,2, and 3) are
〈01,02,03〉/V3, O˜/V3, and L˜/V3, respectively (see Section 2.1).
Hence if the initial term of F is a 3 or 2-subspace, then Z(R/V3) corresponds
to L˜ or O˜ , and hence NG(R)  L5 or L4. On the other hand, if R/V3 contains
a normal subgroup 21+8+ , let Z be the inverse image in G of Z(R/V3) ∼= 2. As
Z(R/V3) lies in O˜/V3, we have Z  O˜ and we may take Z = 〈01,02,03〉. Then
Z contains a unique 2B-element z = 0123. Hence NG(R) centralizes z and lies
in a conjugate of L2.
Step 3. If NG(R)  L1, then either R = V1, V (2)1 , V3, V7 or V8, or NG(R) is
contained in L2, L5, L4, or L6 up to conjugacy, where V (2)1 ∼= D8 contains V1
and NG(V (2)1 )/V
(2)
1
∼= S6(2).
Proof. As R/V1 ∈ B2(F222), R/V1 ∩ (L1/V1)′ ∈ B2(F22) unless R = V1 or
R/V1 corresponds to one of the three representatives of the outer involutions
of F22 [2, p. 161]. If it corresponds to a 2D-element, then it follows from [7,
Table 2.2, line 6] that R is a 2A-pure 22-group of ‘type II’ and it is conjugate
to V7. If R/V1 corresponds to a 2E-element, then it follows from [7, Table 2.2,
line 7] that CG(R)∼= 22 × 26U4(2) and O2(CG(R)) properly contains R. Hence
R is not a radical 2-subgroup in this case. The radical group R/V1 does not
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correspond to a 2F -element, for otherwise we may verify that R/V1 induces
an automorphism of CG(V3)/V3 ∼= U6(2) belonging to the class 2D of U6(2),
and hence the centralizer of R/V1 in F22 ∼= L′1/V1 is 2 × S6(2) (see the next
paragraph) and O2(NG(R)) properly contains R. Thus we may assume that
R0/V1 := (R ∩ L′1)/V1 is one of the representatives of radical 2-subgroups of
F22 ∼= L′1/V1 in Theorem 15.
If R0/V1 corresponds to ‘V1’ there, then R0 is a 22-subgroup generated by two
commuting 2A-elements of G, so that R0 is conjugate to V3, a 2A-pure 22-group
of ‘type I’. Thus if R = R0, then R = V3 up to conjugacy. On the other hand,
if R = R0, then R/R0 corresponds to an involution of NG(R0)/R0 ∼= U6(2).2
outside (NG(R0) ∩ CG(V1))/R0 ∼= U6(2). There are two classes 2D and 2E of
such involutions with centralizers in U6(2) isomorphic to S6(2) or to a group of
order 29325 (see [2, p. 117]). As the latter group has the nontrivial O2-part, the
radical subgroup R does not correspond to the class 2E. If R/R0 is of type 2D
(in U6(2).2), then NG(R) centralizes a unique 2A-element of R0 = V3, and hence
NG(R) L1. Thus R is in fact a radical 2-subgroup of G. Thus we obtain a new
radical group V (2)1 ∼=D8 with NG(V (2)1 )/V (2)1 ∼= S6(2) in this case.
If R0/V1 corresponds to ‘V (F)2 ’ for some F , then Z/V1 :=Z(R0/V1) contains
a unique 2B-element of F22, and it follows from [7, Table 2.2] that the preimage
Z contains a unique 2B-element ofG. ThusNG(R) L2 in such a case. If R0/V1
corresponds to ‘V4’ ∼= 210 or ‘V (O′)4 ’, then R0 contains a 211-subgroup which is
conjugate to V5. As such a subgroup of R0 is unique, NG(R)  L5. If R0/V1 is
‘V3’ or ‘V
(1,0)
3 ’, the preimage of Z(R0/V1) is conjugate to the octad subgroup
V4, and NG(R) L4. If R0/V1 is ‘V (0,2)3 ’ or ‘V
(1,2)
3 ’, the preimage of Z(R0/V1)
is conjugate to a 23-subgroup 〈01,23,45〉 contained in V4 (see Step 4 of the proof
of Theorem 15, where we take V1 = 〈01〉). Then NG(R)  NG(〈0123,0145〉),
which is contained in L6 by Lemma 7(1).
In the unique remaining case, R0/V1 ∼= 26 and the normalizer of R0/V1
in (L1/V1)′ is isomorphic to 26 : S6(2). It is a maximal 2-local subgroup of
L′1/V1 ∼= F22 and there is a single class of such subgroups in F22. On the
other hand, if we take a 2A-element z of V8 (which is a nonsingular vector
of the O−8 (2)-module V8, as we saw in the Section 2.1), then the stabilizer
of 〈z〉 in L8/V8 ∼= O−8 (2) is S6(2) and CL8(z)/〈z〉 ∼= 27 : S6(2). Hence (V8 ∩
CG(z))
′/〈z〉 is another 26-subgroup of (L1/V1)′ with normalizer 26 : S6(2). Thus
V8 ∩CG(z)′ =R0 and V8 =R up to conjugacy. ✷
Step 4. If NG(R) L8 but R = V8, then NG(R) is contained in L2, L4, or L6 up
to conjugacy.
Proof. The group R/V8 is a unipotent radical of L8/V8 ∼= O−8 (2), acting
naturally on V8. Note that a singular (respectively nonsingular) point of V8 is
a 2B (respectively 2A)-element of G. If R/V8 corresponds to a flag containing
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a singular 1-subspace, then Z(R) = CV8(R/V8) is generated by a 2B-element,
and so NG(R)  L2. If the flag corresponding to R/V8 has the initial term
of dimension 2 or 3, it follows from Lemma 8, (2) and (3), that NG(R) 
NG(Z(R)) Li for i = 4 or 6, the normalizer of an octad or a trio subgroup. ✷
Step 5. If NG(R) L5 but R = V5, then NG(R) is contained in L2, L4, or L6 up
to conjugacy.
Proof. We may assume that R/V5 is one of the 13 representatives of radical
2-subgroups of L5/V5 ∼=M24, which acts on V5 as M24 acting on the even part of
the Golay cocode. Then it follows from [16, Lemma 6] that Z(R)= CV5(R/V5)
is 〈0123〉, 〈0123,0145〉, 〈0123,0145,0246〉, 〈0123,0145,0247〉 or the octad
subgroup O˜ . Then we respectively have NG(R)  L2, L6, L6, L4 or L4 from
Lemma 7, (1) and (2). ✷
Step 6. If NG(R)  L4, the normalizer of an octad subgroup, then either
NG(R)  L2 or L6 up to conjugacy, or R is conjugate to one of the following
4 radical 2-subgroups of G:
• V (p,i)4 (i = 0,1), forming the representatives of classes of radical 2-sub-
groups with centers conjugate to the 2B-pure 23-subgroup 〈0123,0145,0247〉
of the octad space O˜ ; and
• V (∅,i)4 (i = 0,1), which form the representatives of conjugacy classes of
radical 2-subgroups with centers octad subspaces;
where V (F,i)4 denotes the inverse image of a radical subgroupUF ×Ui of A8×S3,
with UF a unipotent radical of A8 ∼= L4(2) corresponding to a subflag F of
(p, l,π), allowing U∅ = 1; U0 = 1 and U1 a particular Sylow 2-subgroup of S3.
Proof. We may take Z(V4) = O˜ , the octad subgroup (see Section 2.1). As
L4/V4 ∼= A8 × S3, we have R/V4 = R1 × R2, where R1 is one of the 8
representatives UF of B2(A8) ∪ {1} and R2 = Ui (i = 0,1), with the notation
in the claim. Thus R = V (F,i)4 for some F and i .
Since CG(V4)/V4 ∼= S3, Z(R) = CZ(V4)(R/V4) = CO˜(R1). It follows from
Lemma 4 that Z(R)= 〈0123〉 if l ∈ F and hence NG(R) L2. From Lemmas 4
and 7(1), if F = π (respectively F = pπ) then Z(R) = 〈0123,0145,0246〉
(respectively 〈0123,0145〉) and hence NG(R)L6 =NG(ZT ) up to conjugacy.
However, in the case when F = p, we haveZ(R)= 〈0123,0145,0247〉, which
is contained in a unique octad space O˜ by Lemma 7(2), and hence NG(R) 
NG(O˜)= L4. If F = ∅, we have Z(R)= O˜ and so NG(R) L4 as well. Then it
follows from [16, Lemma 1(3)] that there are just two conjugacy classes of radical
2-subgroups of G with centers conjugate to 〈0123,0145,0247〉 (respectively O˜),
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with representatives the inverse images V (p)4 and V
(p,1)
4 (respectively V (∅)4 and
V
(∅,1)
4 of the radical 2-subgroups Up and Up × U1 (respectively 1 and U1) of
A8 × S3, respectively. ✷
Step 7. If NG(R)  L6, the normalizer of a trio subgroup, then either NG(R)
L2 up to conjugacy, or R is conjugate to one of the following 8 radical
2-subgroups of G:
• V (l,i)6 for i = 0, . . . ,3, which form the representatives of classes of rad-
ical 2-subgroups of G with centers conjugate to a 2B-pure 22-subgroup
〈0123,0145〉 of the trio subgroup ZT ;
• V (∅,i)6 for i = 0, . . . ,3, which form the representatives of classes of radical
2-subgroups of G with centers trio subgroups,
where we denote by V (F,i)6 the inverse images of 2-radical subgroup UF × Ui
of SL3(2) × A6, respectively; here UF denotes the unipotent radical L3(2)
corresponding to a flag F ⊆ {p, l}; and U0 = 1, U1 = 〈(12)(34), (13)(24)〉, U2 =
〈(12)(34), (34)(56)〉,U3 := 〈(12)(34), (13)(24), (34)(56)〉are the representatives
of B2(A6)∪ {1}.
Proof. The proof is almost a repetition of that of the previous step. We may
assume that Z(V6) = ZT . Since L6/V6 ∼= L3(2) × A6, we may decompose
R/V6 =R1 ×R2, where R1 is one of the 4 representativesUF of B2(L3(2))∪{1}
and R2 =Ui for some i = 0, . . . ,3 as stated in the claim, and thus R = V (F,i)6 for
some F and i . As CG(V6)/ZT ∼= A6, we have Z(R)= CZT (R/V6)= CZT (UF ).
If p ∈ F , then Z(R) is generated by a single 2B-element, and hence NG(R) L2
up to conjugacy. If F = l, then we may assume Z(R) = 〈0123,0145〉, so that
NG(R)  NG(ZT ) = L6 by Lemma 7(1). If F = ∅, clearly Z(R) = ZT and
NG(R)  L6 as well. Hence it follows from Lemma [16, Lemma 1(3)] that
there are just 4 classes of radical 2-subgroups of G with centers conjugate to the
2B-pure 22-subgroup 〈0123,0145〉 of ZT (respectively conjugate to ZT ), with
representatives V (l,i)6 (respectively V (∅,i)6 ) for i = 0, . . . ,3. ✷
Finally we are reduced to the case where NG(R) is conjugate to a subgroup
ofL2, the centralizer of a 2B-element. Since V2 is an extraspecial group, it follows
from [16, Lemma 1(4)] that the classes of radical 2-subgroups of L2/V2 together
with the class of V2 bijectively correspond to those of G with centers of order
2 generated by 2B-involutions. Since L2/V2 ∼= 3.U4(3) : 2 is isomorphic to the
group described in Lemma 11, the lemma implies that there are exactly 14 + 1
such classes. Hence we have established the following theorem.
Theorem 12. There are exactly 33 classes of radical 2-subgroups of the Fischer
simple group F ′24 with the representatives in Table 2, where the third column
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Table 2
Radical 2-subgroups of F ′24
R R ∼= Z(R) N(R)/R R R ∼= Z(R) N(R)/R
V1 2 =A1 F222 V2 21+12+ 2=B1 3U4(3)2
V
(2)
1 V12∼=D8 2 S6(2) V (l)2 V224 2 A6 × S3
V3 22 =A3 U6(2)S3 V (lr)2 V2[26] 2 S3 × S3
V7 22 =A3 (3×O+8 (2)3)2 V (r)2 V224 2 3S6
V8 28 =A136B119 O−8 (2) V (s)2 V221+4+ 2 S3 × S3 × S3
V5 211 =A276B1771 M24 V (ls)2 V2[26] 2 S3 × S3
V4 26+8 26=A28B35 A8 × S3 V (sr)2 V2[26] 2 S3 × S3
V
(∅,1)
4 V42 2
6 A8 V
(lsr)
2 V2[26]2 2 S3
V
(p,0)
4 V42
3 23 =B7 L3(2)× S3 V (∅
′)
2 V22 2 U4(2)
V
(p,1)
4 V4(2
3 × 2) 23 L3(2) V (l
′)
2 V22
5 2 A6
V6 23+12 23 =B7 L3(2)×A6 V (lr
′)
2 V2[26]2 2 S3
V
(∅,1)
6 V62
2 23 L3(2)× S3 V (s
′)
2 V22
1+4+ 2 2 S3 × S3
V
(∅,2)
6 V62
2 23 L3(2)× S3 V (ls
′)
2 V2[26]2 2 S3
V
(∅,3)
6 V6D8 2
3 L3(2) V
(sr ′)
2 V2[26]2 2 S3
V
(p,0)
6 V62
2 22=B3 S3 ×A6 V (lsr
′)
2 V2[27]2 2 1
V
(p,1)
6 V6(2
2 × 22) 22 S3 × S3
V
(p,2)
6 V6(2
2 × 22) 22 S3 × S3
V
(p,3)
6 V6(2
2 ×D8) 22 S3
includes the information of fusion of the center of each representative. Moreover,
29 classes except those of V1, V (2)1 , V3, and V7 are centric.
3. Radical 2-subgroups of F22
3.1. Descriptions of some 2-local subgroup of F22
3.1.1. Some fundamental facts
We start with review of some fundamental properties of G := F22 (see, e.g.,
[13, Sections 3, 4]). The group G is generated by a conjugacy class 2A of
3510 3-transpositions. There are three classes 2A, 2B , 2C of involutions of G.
Each 2B-element is uniquely written as the product of mutually commuting two
transpositions. We refer to the pair {a, b} of transpositions for which ab lies in
the class 2B as the factor of the 2B-element ab. Each 2C-element is a product of
commuting three transpositions, in two essentially different ways.
It follows from [13, Proposition 4.4] that every 2-local subgroup is conjugate
to one of the following subgroups:
L1 := CG(z)∼= 2.U6(2), where z is a transposition,
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L2 := CG(w)∼= (2× 21+8+ ).U4(2).2, where w is a 2B-element,
L3 :=NG(25)∼= 25+8(S3 ×A6),
L4 :=NG(210)∼= 210 :M22, and
L5 :=NG(26)∼= 26S6(2).
We denote Vi := O2(Li). Then V1 = 〈z〉 ∼= 2, V2 ∼= (2 × 21+8+ ), V3 ∼= 25+8,
V4 ∼= 210, and V5 ∼= 26. The maximality of Li implies NG(Vi) = Li , and hence
Vi ∈ B2(G) (i = 1, . . . ,5).
3.1.2. The maximal subgroups L3, L4, L5
We briefly describe the maximal 2-local subgroupsLi (i = 3,4,5). A maximal
set of mutually commuting transpositions is called a basis. A basis B contains
22 involutions, which generate a 210-subgroup V = 〈B〉 on which its normalizer
induces M22. The stabilizer GB of B coincides with NG(V ). The extension
NG(V )/V splits and the action of a complement on V is equivalent to the
natural action of M22 on the truncated Golay cocode [16, p. 324]. In particular,
transpositions (respectively, 2B and 2C-elements) of V correspond to the 22
points (respectively, (222 )-pairs and (223 )/2-pairs of triples) of the 22 points Ω ′,
with the symbol in [16, p. 324]. A conjugate of NG(V ) is represented by L4.
A set of 6 mutually commuting 2A-involutions xi (i = 1, . . . ,6) is called
a hexad if x1 · · ·x6 = 1. A hexad H generates a 25-subgroup and it is contained
in exactly three bases Bi (i = 1,2,3) on which the stabilizer GH induces S3. The
kernel of this action is determined inside the stabilizer GB (B :=B1). It turns out
that the kernel is isomorphic to 25+8 : A6, where A6 is a subgroup of a comple-
ment M22 for GB/O2(GB) which stabilizes the hexad H . The action of this A6-
subgroup on 〈H 〉 ∼= 25 is equivalent to the action of A6 on the permutation mod-
ule modulo the trivial submodule. Furthermore, GH =NG(〈H 〉) and CG(〈H 〉)∼=
25+8S3. Thus L3 is a representative of the conjugacy class of NG(〈H 〉).
The group V5 is a 2B -pure subgroup on which the non-degenerate symmetric
bilinear form 〈·, ·〉 is defined by
〈ab, cd〉 =
{
0 ab and cd satisfy the condition (C1) or ab= cd,
1 ab and cd satisfy the condition (C2),
where the conditions (C1), (C2) are as follows:
(C1) any two of a, b, c, d are distinct and commutative,
(C2) d = cab and 〈a, b, c〉 ∼= S4.
Let V0 be a totally isotropic subspace of V5. Then V0 has no pair of elements
satisfying the condition (C2). SetX be the union of the factors of the 2B-elements
v ∈ V0. Then X is contained in some basis. Since NG(V0)  NG(X), the
following lemma is easily obtained (see also [4, Section 2]).
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Lemma 13. Let V0 be a totally isotropic subspace of V5. Then one of the following
holds.
(1) |V0| = 2, and NG(V0) is the centralizer of a 2B-element.
(2) |V0| = 22, and NG(V0) is contained in the normalizer of some hexad.
(3) |V0| = 23, and NG(V0) is contained in the normalizer of some basis.
3.2. Classification
Let R be a radical 2-subgroup of G.
Step 1. If NG(R)  L1 but R = V1 = 〈z〉, then NG(R) is a subgroup of Li for
some i = 2,3,4,5 up to conjugacy.
Proof. The classes of radical 2-subgroups of L1/V1 ∼= U6(2) are represented
by the unipotent radicals UF corresponding to the subflags F of a maximal
flag (p, l,π) of totally isotropic subspaces of the natural module for U6(2). For
the totally isotropic 1-subspace p (respectively 2-subspace l and 3-subspace π ),
Up ∼= 21+8+ (respectively Ul ∼= 24+8 and Uπ ∼= 29). The preimages of Z(Up),
Z(Ul), and Uπ in L1 are 22, 24, and 210-subgroups, respectively, which are
generated by 2A-involutions. We can verify that their normalizers are conjugate
to CG(w)= L2, L3, and L4, respectively. Thus if R/V1 = UF with some flag F
starting with x = p, l,π , then Z(R) is conjugate to Vi for some i = 2,3,4, and
hence NG(R)Li. ✷
Step 2. If NG(R) L5 but R = V5, then NG(R) Li for some i = 2,3,4 up to
conjugacy.
Proof. The group V5 ∼= 26 is the natural module for L5/V5 ∼= S6(2) containing
a 2B-element. The classes of radical 2-subgroups of L5/V5 ∼= S6(2) are
represented by the unipotent radicals corresponding to the subflags of a maximal
flag (p, l,π) of totally isotropic subspaces of V5. Let x ∈ {p, l,π} be the
initial term of the flag corresponding to R/V5. If x = p, a 1-subspace, then
Z(R) = CV5(R/V5) is a 1-space, and, therefore, NG(R)  CG(w) = L2 up to
conjugacy. If x = l (respectively π ), then Z(R) is a 2B-pure 22 (respectively 23)-
subgroup of V5. As Z(R) is a totally isotropic subspace of V5, Lemma 13 implies
NG(R)  L3 (respectively L4), the stabilizer of a hexad (respectively basis), up
to conjugacy. ✷
Step 3. If NG(R) L4 but R = V4 then either NG(R) Li for some i = 2,3 or
R is conjugate to a radical 2-subgroup V (O′)4 of order 213 with center 23, which
corresponds to the unipotent radical UO′ of M22 ∼= L4/V4 in the notation of [16,
Lemma 8].
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Proof. We may assume that R/V4 is one of the 7 representatives UX of
B2(L4/V4)= B2(M22) (∅ = X ⊆ {H,Q,O ′}) in the notation of [16, Lemma 8].
Since V4 is the truncated Golay cocode on which L4/V4 ∼=M22 acts naturally, we
find Z(R) = CV4(R/V4) = CV4(UX) using [16, Lemma 11(2)]. Except X = H ,
O ′, and HO′, Z(R) contains a unique 2B-element so that NG(R)  L2 up to
conjugacy. If X =HO′, Z(R) is a 2B-pure 22-subgroup 〈23,45〉. The union of the
factors of Z(R) is the hexad H = {2, . . . ,7}, and hence NG(R) L3. If X =H ,
Z(R) is a 25-subgroup generated by 6 transpositions, which form a hexad, so that
NG(R)  L3 up to conjugacy. In the remaining case where X = O ′, Z(R) is a
2B-pure 23-subgroup 〈23,45,89〉. As the union of factors of the involutions of
Z(R) is not contained in a hexad, it lies in a unique basis B . Thus NG(R) L4.
Hence it follows from [16, Lemma 1(3)] that there is a single class of radical
2-subgroups of G whose centers are 2B-pure 23-subgroups, with representative
V
(O′)
4 := V4 : UO′ , where UO′ denotes the radical subgroup of a complement for
L4/V4 ∼=M22 corresponding to UO′ . ✷
Step 4. If NG(R)  L3 but R = V3, then either NG(R)  L2 or R is conjugate
to one of the radical 2-subgroups V (1,0)3 , V
(0,2)
3 , and V
(1,2)
3 , where the latter two
(respectively V (1,0)3 and V3) represent the two classes of radical 2-subgroups with
centers 2B-pure 22-subgroups (respectively conjugate to Z(V3)∼= 25).
Proof. Let H be the hexad with GH = L3, and let B be a basis contain-
ing H . Take an A6-subgroup A of a complement M22 for GB/〈B〉 stabilizing H .
We identify A with the alternating group on H . In the notation of [16, Sec-
tion 1.3], we choose H = {2,3,4,5,6,7}, the left-brick-hexad. Then U1 :=
〈(45)(67), (46)(57)〉∼= 22,U2 := 〈(23)(67), (45)(67)〉∼= 22, andU3 := 〈(23)(45),
(45)(67), (46)(57)〉 ∼= D8 are representatives of three classes of radical 2-
subgroups of A ∼= A6. The module Z(V3) = 〈H 〉 ∼= 25 for L3/CG(〈H 〉) ∼= A6
is the permutation module modulo the trivial submodule. Then it is easy to see
that C〈H 〉(Ui) coincides with 〈2,3〉, 〈23,45〉, or 〈23〉, respectively, for i = 1,2,
or 3.
Now R/V3 is a radical 2-subgroup of the direct product L3/V3 ∼= S3 × A6.
Take a Sylow 2-subgroup T/V3 of the S3-factor CG(〈H 〉)/V3. As UiV3/V3
(i = 1,2,3) represent the radical 2-subgroups of theA6-factorAV3/V3, it follows
from [16, Lemma 2] that up to conjugacyR/V3 coincides with T/V , TUi/V3, or
UiV3/V3 for some i = 1,2,3. Since T centralizes Z(V3)= 〈H 〉, the calculation
at the last part of Step 3 shows: Z(R) = CZ(V3)(R/V3) = 〈H 〉 if R = T , and
Z(R) = CZ(V3)(R/V3) = 〈2,3〉, 〈23,45〉, or 〈23〉 if R = T Ui or UiV3 for some
i = 1,2,3. For i = 1,3, then Z(R) contains a unique 2B-element 23, and so
NG(R)  L2 up to conjugacy. But for i = 2, NG(R)  GH = L3, as H is
the union of factors of the 2B-elements of Z(R). For R = T (and also V3),
Z(R) = 〈H 〉 and NG(R)  GH = L3. Hence it follows from [16, Lemma 1(3)]
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Table 3
Radical 2-subgroups of U4(2).2
R R ∼= N(R)/R R R ∼= N(R)/R
U∅′ 2 S6
Up 21+4+ S3 × S3 Up′ 21+4+ .2 S3
Ul 24 S5 Ul′ 24.2 S3
Upl [26] S3 Upl′ [27] 1
that there are two classes of radical 2-subgroups of G with centers conjugate to
〈23,45〉 (respectively 〈H 〉), represented by V (0,2)3 := V3U2 and V (1,2)3 := T U2
(respectively V3 and V (1,0)3 := T ). ✷
Now the case where NG(R)  L2 is remained. Since V2 ∼= 2 × 21+8+ , Z(V2)
is a 22-subgroup containing a unique 2B-element and two transpositions. Thus it
follows from [16, Lemma 1(4)] that there is a bijective correspondence between
the classes of B2(L2/V2) = B2(U4(2).2) and those of radical 2-subgroups of G
each of whose centers contains a unique 2B-element.
Lemma 14. There are exactly 7 classes of radical 2-subgroups of U4(2).2, the
group generated by U4(2) and its field automorphism. The representatives and
their normalizers are given in Table 3.
Proof. The classes of radical 2-subgroups of X = U4(2) are represented by
the unipotent radicals Up , Ul , and Upl corresponding to subflags of a maximal
flag (p, l) of totally isotropic subspaces of the natural module for X. We take
a hermitian form (x, y) := xJ4y¯t on the row vector space F 44, where Jn is
the antidiagonal {0,1}-matrix of size n and x¯ is the algebraic conjugate of x .
Then we may take p = F 4(1,0,0,0) and l = 〈(1,0,0,0), (0,1,0,0)〉. The group
SU4(2) preserving h consists of matrices M ∈ SL4(4) with MJ4 !Mt = J4, and X
is identified with SU4(2)/〈ωI 〉, where 〈ω〉 = F×4 . Setting
M(a,b, c, d) :=

1 0 0 0
a 1 0 0
b c 1 0
d (ac+ b)2 a2 1
 ,
it is straightforward to calculate
Upl =
{
M(a,b, c, d)
∣∣ a, b, d ∈ F 4, c ∈ F 2, d + d2 = ab2 + ba2},
Up =
{
M(a,b,0, d)∈Upl
}
, and Ul =
{
M(0, b, c, d)∈Upl
}
.
For F = p, l, or pl, the normalizer NX(UF ) is the semidirect product of UF with
a Levi complement LF , isomorphic to S3 × 3, A5, or 3, respectively. The Levi
complement Ll , the S3-factor and the 3-factor of Lp correspond to
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{
Ml(Q) :=
(Q 0
0 !Q
) ∣∣Q ∈ SL2(4)}, {Mp(Y ) := ( 1 0 00 Y 0
0 0 1
) ∣∣∣ Y ∈ SL2(2)},
and
〈
diag
(
ω,1,1,ω2
)〉
,
respectively. The Levi factor of Lpl is 〈diag(ω,1,1,ω2)〉.
Now take a field automorphism φ which sends a matrix M ∈ SU4(2) to its
algebraic conjugate !M . It is immediate to see that φ normalizes Up , Ul , and
Upl . We will apply the method described in [16, Lemma 3] to exhaust the
representatives of B2(A) for A=X〈φ〉.
There are two classes of involutions in A\X with representatives φ and
M(J2)φ, with centralizers in X isomorphic to S6 and a solvable group of
order 48. The latter has the nontrivial O2-part, so there is a single class of radical
2-subgroups of order 2 outside X, represented by 〈φ〉 =: U∅′ . From the above
explicit presentation of NX(Up), φ centralizes the S3-factor of Lp but inverts
the 3-factor. Then NA(Up)/Up ∼= S3 × S3 and Up ∈ B2(A). Moreover, every
2-element outside NX(Up)/Up whose centralizer in NG(Up)/Up has the trivial
O2-part is conjugate to φUp. Thus Up′ := Up〈φ〉 is a representative of a single
class of radical 2-subgroups of A containing conjugates of Up of index 2. As
Lpl is the 3-factor of Lp , this argument also shows that Upl ∈ B2(A). A Sylow
2-subgroup Upl′ of A is clearly a representative of radical 2-subgroups of A
containing conjugates of Upl of index 2. As the centralizer of φ in Ll is {Ml(Q) |
Q ∈ SL2(2)} ∼= S3 and Ll〈φ〉 ∼= S5, the same argument shows that Ul ∈ B2(A) and
there is a single class of radical 2-subgroups of A containing conjugates of Ul of
index 2, represented by Ul′ :=Ul〈φ〉. ✷
By the above lemma, we now obtained in total 16 classes of radical
2-subgroups of G. In view of their orders and centers, these subgroups are not
conjugate to each other. Hence we obtained:
Theorem 15. There are exactly 16 classes of radical 2-subgroups of the Fischer
simple group F22 with the following representatives, among which 15 classes
except that of V1 are centric. Descriptions of structures of the representatives
and their normalizers are given in Table 4.
4. Radical 3-subgroups of F ′24
4.1. Maximal 3-locals of F ′24
In this section, we set G := F ′24 as in Section 2. There are five classes of
elements of order 3 in G, called 3A, 3B , 3C, 3D, and 3E. All those classes
are rational. It follows from [14, Theorem B] that G has just 6 classes of maximal
3-local subgroups:
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Table 4
Radical 2-subgroups of F22
R R ∼= Z(R) N(R)/R R R ∼= Z(R) N(R)/R
V1 2 =A1 U6(2) V2 2× 21+8 22 =A2B1 U4(2)2
V5 26 2B63 S6(2) V
(p)
2 V22
1+4 22 (3× S3)2
V4 210 A22B231C770 M22 V
(l)
2 V22
4 22 S5
V
(O ′)
4 V42
3 23 =B7 L3(2) V (pl)2 V2[26] 22 S3
V3 25+8 25 =A6B15C10 S3 ×A6 V (∅
′)
2 V22 2=B1 S6
V
(1,0)
3 V32 2
5 A6 V
(p′)
2 V22
1+42 2 S3
V
(0,2)
3 V32
2 22 =B3 S3 × S3 V (l
′)
2 V22
42 2 S3
V
(1,2)
3 V32
3 22 S3 V
(pl′)
2 V2[26]2 2 1
• L1 :=NG(〈g1〉)∼= (3×O+8 (3) : 3) : 2, the normalizer of a 3A-element g1;• L2 :=NG(W)∼= 37 ·O7(3), where W ∼= 37 is the natural orthogonal module
for L2/W ∼= O7(3) with 364 subgroups of type 3B corresponding to the
totally isotropic points;
• L3 :=NG(〈g2〉)∼= 31+10+ : (U5(2) : 2), the normalizer of a 3B-element g2;
• L4 := NG(W4) ∼= 32.34.38 : (A5 × 2A4) : 2, where W4 is a 3B-pure 32-
subgroup;
• L5 :=NG(W5)∼= 33[310] : (L3(3)× 2), where W5 is a 3B-pure 33-subgroup;
• L6 := NG(A) = (32 : 2 × G2(3)) · 2, where A is a 32-subgroup with 2
(respectively 2) subgroups of type 3A (respectively 3E).
For each i , we set L˜i =NF24(O3(Li)), which contains Li of index 2. We will
give some descriptions of these subgroups.
Let a and b be two non-commutative transpositions (2C-elements). Then the
product g1 := ab is a 3A-element. The group L1 :=NG(〈ab〉) has the form (3×
O+8 (3) : 3) : 2 [14, 2.1], and its intersection with the class 3A of G splits into two
conjugacy classes under L1. One conjugacy class is contained in L′′1 (∼=O+8 (3))
and the other induces an outer automorphism of L′′1 of order 3. For every element
xy with x, y ∈ 2C in the former class (respectively x ′y ′ with x ′, y ′ ∈ 2C in the
latter), the product abxy (respectively abx ′y ′) is a 3C (respectively 3D)-element.
The subgroup A (=O3(L6)) is conjugate to 〈ab, x ′y ′〉.
Let c be a transposition commuting with none of a, b and ab, and set H :=
〈a, b, c〉. It is known that F24 acts transitively on the set of triples (a, b, c) of
transpositions with these properties, and that the subgroup H is isomorphic to the
group defined by the generators s, t, u and the relations
s2 = t2 = u2 = (st)3 = (tu)3 = (us)3 = (tstu)3 = 1.
The center Z(H) is generated by g2 := (abc)2, which is a 3B-element. Moreover,
H ∼= 31+2.2 and H ∩ 2C consists of nine transpositions, no two of which are
commutative. The groupCF24(Z(H)) has the shape 31+10(U5(2)×2), which is of
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index 2 in L˜3 :=NF24(〈(abc)2〉). Furthermore we have aO3(CF24 (Z(H))) =H ∩2C.
In particular, the center of 〈aO3(CF24 (Z(H)))〉 coincides with Z(H).
Set W =O3(L2). Then W can be regarded as the natural orthogonal module
with respect to a symmetric bilinear form f preserved by L˜2/W ∼= O7(3) : 2.
We may take a basis w1, . . . ,w7 of W such that the sets w2i−1,w2i} (i =
1,2,3) are mutually orthogonal hyperbolic pairs; f (w2i−1,w2i )= 1 (i = 1,2,3),
f (wj ,wj )= 0 (j = 1, . . . ,6), and w7 satisfies f (w7,wi)= 0 (i = 1, . . . ,6),
f (w7,w7)= 1. A nonzero vector w ∈W with f (w,w)= 0 (respectively 1,−1)
is a 3B (respectively 3A, 3C)-element. If d is a transposition of L˜2, then
|dW | = 3 (dW = {d, d ′, d ′′(= d ′d)}, say) and d acts on W as the reflection with
respect to dd ′ which is regarded as a vector of W with norm 1. We may assume
that g1 = ab coincides with the vector w7 of W . Observing L˜1 = NF24(〈ab〉)∼=
S3 × (O+8 (3) : S3), we have CL˜2(ab) = 〈ab〉 × P , where P ∼= 36.O+6 (3) : 2
is a maximal parabolic subgroup of the (O+8 (3) : S3)-factor of L˜1. Then W =
O3(L˜2)=O3(L2)∼= 37 is the direct product of 〈ab〉 =O3(L1) with a unipotent
radical Up ∼= 36 of O+8 (3)= L∞1 .
We will now describe L˜5. Set U = 〈w1,w3,w5〉. Then U is a 3B-pure
33-subgroup and is regarded as a maximal totally isotropic subspace of W . The
centralizer of U in L˜2/W ∼= O7(3).2 is generated by the 27 reflections whose
centers are vectors in the coset w7 +U . As |dW | = 3 for every d ∈ (2C)∩ L˜2, the
set C2C(U) ∩ L˜2 consists of 81 transpositions which do not commute with each
other. We set
H2 :=
〈
C2C(U) ∩ L˜2
〉
.
Observing O7(3).2, we find H2W/W ∼= 33+3.2, where 33+3 is the unipotent
radical of O7(3). 2 corresponding to a singular 3-subspace U of W . We may also
check that H2 ∩W is the 4-subspace U⊥ of W perpendicular to U with respect
to f . As H2W/W acts faithfully on U⊥, we conclude that H2 is a group of order
34 × 2.36 = 2.310 with center Z(H2)=U .
Let 1 = z ∈ U and set Kz := O3(CF24(z)) ∼= 31+10+ . Then H2  CF24(z).
The image of H2 in CF24(z)/Kz ∼= 2 × U5(2) is a 3-local subgroup generated
by reflections fixing the subspace U/〈z〉 of Kz/〈z〉. Then we may verify
that the image H2Kz/Kz is isomorphic to H ∼= 31+2+ 2, whose centralizers in
CF24(z)/Kz contains a subgroup 〈e¯, f¯ 〉 ∼= S3 generated by two non-commuting
reflections e¯ and f¯ (in the notation of Section 4.2, O3(H2Kz/Kz) corresponds to
〈a3a4, (345)〉). Let e and f be transpositions in CF24(z) corresponding to e¯ and
f¯ , respectively, and set
H1(z) :=
〈
eKz, f Kz
〉
.
As e and f are 3-transpositions commuting with H2 (generated by 3-transposi-
tions) modulo a 3-subgroup Kz, we conclude that H1(z) commutes with H2.
The groupH1(z)∩Kz is the central product of O3(〈eKz〉) and O3(〈f Kz〉), both
of which are isomorphic to 31+2 by the remark on the subgroup H in the previous
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paragraph. SinceH1(z)Kz/Kz ∼= 〈e¯, f¯ 〉 ∼= S3, we have |H1(z)| = 31+4×6= 2.36.
Moreover, z lies in the center of 〈eKz〉 and so z ∈ Z(H1(z)). Now, for each
1 = z′ ∈ U , the group H1(z)H2 is a subgroup of CF24(z′), as H1(z) commutes
with H2 (> U). Then the same argument as above shows z′ ∈ Z(H1(z)). Hence
we have Z(H2) = U  Z(H1(z)). On the other hand, since H1(z) contains 27
transpositions, we have 27 = |H1(z)/CH1(z)(e)|  |H1(z)/Z(H1(z))|; that is,|Z(H1(z))|  36/27 = 27. This shows U = Z(H1(z)) = Z(H2) ∼= 33 for every
nontrivial element z ∈ U . Moreover, it is easy to see that H1(z) ∩H2 = U . Thus
H1(z)H2 is a subgroup of CF24(U) of order 22.313. As we have |CF24(U)| =
22.313 by observing CF24(z), we conclude H1(z)H2 = CF24(U). As the group
NF24(U) ∩ L˜2 induces L3(3) on U , the normalizer NF24(U) has the shape
33[310].(L3(3)× 22), which contains a maximal 3-local subgroup L5 :=NG(U)
above with index 2. Summarizing, we have the following lemma.
Lemma 16. Let U be a 3B-pure 33-subgroup of W .
(1) NG(U)∼= 33[310] : (L3(3)× 2), which is conjugate to L5.
(2) C2C(U) is the union of two conjugacy classes of NG(U), which contain 27
and 81 non-commutative transpositions, respectively.
Now we will describe L˜4. Let U2 be a subgroup of U of order 32. Then U2
is regarded as a totally isotropic 2-subspace of W . Observing in CF24(z) for
a 3B-element z ∈ U2, we see that the image of 〈C2C(U2)〉 in CF24(z)/Kz ∼=
2 × U5(2) is 34.S5 (corresponding to NU(B) in the notation of Section 4.2),
and CF24(U2) ∼= 31+10.34S5. The subgroup H1(z)H2 = CF24(U) is contained in
CF24(U2), and its image in CF24(U2)/O3(CF24(U2))(∼= S5) is S2 × S3. Hence the
subgroups H1(z) and H2 are obtained as follows:
H1(z)=
〈
eO3(CF24 (U2))
〉
, H2 =
〈
CF24(U2) ∩C2C(e)
〉
.
Observing L˜2, the normalizer NF24(U2) ∩ L˜2 induces GL2(3) ∼= 2 · S4 on U2.
Thus we have
NF24(U2)= 32.
[
312
] : (S5 × 2S4),
which contains the maximal subgroup L4 with index 2. Hence we have the
following lemma.
Lemma 17. Let U2 be a 3B-pure 32-subgroup of W .
(1) NG(U2)∼= 32.34.38 : (A5 × 2A4) : 2, which is conjugate to L4.
(2) 〈C2C(U2)〉 is an extension by a 3-subgroup of S5, and for x ∈ C2C(U2) the
subgroup 〈C2C(U2, x)〉 is isomorphic to H2.
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The centralizer of a 3E-element is contained in a conjugate of L4, and
3E-elements do not appear in O3(Li) for any i .
4.2. Radical 3-subgroups of U5(2)
The group U := SU5(2) ∼= U5(2) contains 6 classes of elements of order 3,
called 3A, 3B , 3C, 3D, 3E, 3F : the inverses of elements of 3A (respectively 3C)
form the class 3B (respectively 3D). Let ω be a generator of F×4 and !ω := ω2.
We represent an element of U as a unitary matrix, namely a linear transformation
preserving the standard hermitian form h((xi), (yi))=∑5i=1 xiy2i on F 54.
The diagonal matrix ai = diag(!ω,ω,ω,ω,ω) with !ω at the (i, i)-entry
is a 3A-element of U (i = 1, . . . ,5). As a1 · · ·a5 = 1, those 3A-elements
generate a 34-subgroup B . The group B corresponds to the standard orthogonal
basis of F 54. Its normalizer in U is the split extension by B of the group
of permutation matrices (∼= S5). We denote a permutation matrix by the
corresponding permutation on {1, . . . ,5}.
The normalizer of 〈ai〉 is the stabilizer of a non-isotropic point F 4ei , where
{ei | i = 1, . . . ,5} is the natural basis of F 54, and hence NU(〈ai〉)∼= 3×U4(2).
For distinct indices i, j, k, the matrix aiaj (respectively aia−1j and aiaja−1k is a
3C (respectively 3E and 3F )-element. As a1a2 = (1,1,!ω,!ω,!ω), the normalizer
of 〈a1a2〉 is the stabilizer of a non-isotropic line 〈e1, e2〉. Thus NU(a1a2) ∼=
S3×3U3(2), where the S3-part is given by 〈a1a−12 , (12)〉 and 〈a3a4, (345)〉 affords
the O3-part 31+2+ of 3U3(2) ∼= 31+2+ : (Q8 : 3) with center 〈a1a2〉. In particular,
O3(NU(a1a2))= 〈a1a−12 〉 × 〈a3a4, (345)〉.
The following fact is well known and mentioned in [10, 3.3]. Here we give
a proof exploiting the ’factors.’
Lemma 18. Every 3-local subgroup of U ∼= U5(2) is conjugate to a subgroup of
one of the following three groups in the notation above:
NU(〈a1〉)∼= 3×U4(2), NU(B)∼= 34 : S5,
NU(〈a1a2〉)∼= S3 × 31+2+ :Q8 : 3.
Proof. In a Sylow 3-subgroup B〈(345)〉 of U , every 3A-element lies in B , since
elements of order 3 in B〈(345)〉\B are conjugate to (345) and are of trace 0
(in F 4). Thus if a1a2 = xy for mutually commuting distinct 3A-elements x and
y , then it follows from the structure of NU(a1a2) = CU(a1a2) described above
that x and y lie in a conjugate of B and hence {x, y} = {a1, a2}. As CU(a1a−12 ) is
a subgroup of CU(a1a2) of index 2, we also see that there is essentially one way to
write a1a−12 as the product of mutually commuting 3A and 3B-elements. As for
a 3F -element a1a2a−13 , we may verify that its centralizer in U is B〈(12), (45)〉,
and hence the same argument shows that the similar statement holds. (These facts
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are also verified observing the structure constants.) Hence for a 3C (respectively
3E or 3F )-element xy (respectively xy−1 or xyz−1) with mutually commuting
3A-elements x, y, z, we may define {x, y} (respectively {x, y} or {x, y, z}) to be
its factors.
Let A be any elementary abelian subgroup of U . If A contains a 3C,
3E or 3F -element, then A acts on its factors and centralizes them, as A
is a 3-group (note that the factors of a 3F -element xyz−1 consist of three
elements x, y, z, but exactly one of them, z, does not appear in the expression
of xyz−1). Hence adjoining A to those 3A-elements, we may assume that A is
generated by 3A-elements. Thus as we saw above, we may assume A  B . If
|A| = 3 (respectively 32), then NU(A) is conjugate to NU(〈a1〉) (respectively
NU(〈a1, a2〉) = NU(〈a1a2〉)). If |A| = 33 or 34, we have CU(A) = B and
NU(A)NU(B). ✷
We set L1 := NU(〈a1〉), L2 := NU(B), L3 := NU(〈a1a2〉), and Vi :=
O3(Li) (i = 1,2,3). Then V1 = 〈a1〉 ∼= 3, V2 = B ∼= 34, and V3 = 〈a1a−12 〉 ×
〈a3a4, (345)〉 ∼= 3 × 31+2+ . By the maximality of Li , Vi ∈ B3(U) for every i =
1,2,3.
Lemma 19. There are just four classes of radical 3-subgroups of U =U5(2) with
representatives Vi (i = 1,2,3) and a Sylow 3-subgroup V2V3 = B〈(345)〉.
Proof. Let R ∈ B3(U). From Lemma 18 we may assume that NU(R)  Li for
some i = 1,2,3. Since L3/V3 ∼= 2 × (Q8 : 3) and L2/V2 ∼= S5, if NU(R)  L3
or L2 but V3 = R = V2, then R is a Sylow 3-subgroup of U . If NU(R) L1 but
R = V1, R/V1 is conjugate to one of three representatives of unipotent radicals
of O5(3)∼=U4(2). Now V2/V1 ∼= 33 and V3/V1 ∼= 31+2+ are the unipotent radicals
corresponding to a totally isotropic line and point of the orthogonal 5-space for
L1/V1. Thus R is Vi (i = 2,3) or a Sylow 3-subgroup of U . ✷
4.3. Classification
Let R be a radical 3-subgroup of G= F ′24. We may assume that NG(R) Li
for some i = 1, . . . ,6 by [14, Theorem B], where Li denotes the maximal 3-local
subgroups of G described in the subsection above. We also set Vi := O3(Li)
and Wi := Z(Vi) for every i = 1, . . . ,6: V1 = W1 ∼= 3, V2 = W2 = W ∼= 37,
V3 ∼= 31+10+ with W3 ∼= 3, V4 ∼= 323438 with W4 ∼= 32, V5 ∼= 33[310] with W5 ∼= 33,
and V6 =W6 ∼= 32.
Step 1. If NG(R) L6, then R = V6 or NG(R) L1 up to conjugacy.
Proof. Assume furtherR = V6. ThenR = V6×U , whereU is a unipotent radical
of L∞6 ∼= G2(3). As G2(3) is of Lie rank 2, U is isomorphic to 31+2+ × 32 (two
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classes fused under G2(3)2  L6) or (31+2+ × 32)3. The latter case does not
occur, for otherwise, |R| = 38 and R is not a Sylow 3-subgroup of G, and hence
|NG(R)|3 > |R| = |L6|3, which is against the assumption NG(R)  L6. Thus
U ∼= 32×31+2+ and R ∼= 34×31+2+ . In particular, R′ is a subgroup of order 3 lying
in the commutator subgroup of a 3-subgroup of CG(R′). This implies that R′ is
not of type 3E, because the centralizer of a 3E-element is 32 ×G2(3) [14, 2.1].
As R is a radical 3-subgroup of G with NG(R)  NG(R′), it follows from [16,
Lemma 1(1)] that O3(NG(R′))  R. Recall that the O3-part of the normalizer
in G of a subgroup of type 3B , 3C or 3D is isomorphic to 31+10+ , 37 or a subgroup
of order 312, respectively [14, 2.1]. As R ∼= 34 × 31+2+ , the only possible type of
R′ is 3A, and hence NG(R)NG(R′)L1 up to conjugacy. ✷
Step 2. If NG(R)  L1, then R = V1 or V6 or NG(R) Li for some i = 2,4,5
up to conjugacy.
Proof. Assume R = V1. Then R = V1 × U , where U is a radical 3-subgroup
of L′′1 ∼= O+8 (3) : 3. We set U0 := U ∩ L′′1. Then U0 = 1 or UF , one of the
representatives of unipotent radicals ofO+8 (3) indexed by subflags of the maximal
flag {p, l,H1,H2}, where p, l, and Hi (i = 1,2) are isotropic 1,2, and 3-spaces
with p ⊆ l ⊆H1 ∩H2 ⊆ Hi (i = 1,2). As O+8 (3)S3  L1, we may assume that
F is one of the following flags: p, l,pl,H1H2,pH1H2, lH1H2,plH1H2.
Assume that U0 = 1. There are three classes of elements of order 3 in O+8 (3) :
3\O+8 (3), which are fused to 3A, 3D or 3E of G (see the exposition after [14,
Lemma 2.1.1]). We may verify that the centralizers of those elements in O+8 (3)
have the trivial O3-parts iff they are of class 3E (and the centralizers G2(3)).
Hence in this case, R is conjugate to V6.
If R = V1 ×UF with l ∈ F , then 31+8 ∼=Ul UF . The central element of the
extraspecial group Ul is a 3A-element of O+8 (3), which is fused to a 3B-element
of G by [14, Table 5]. Since NG(R) normalizes Z(UF )= Z(Ul)∼= 3, generated
by a 3B-element of G, we have NG(R) L3 up to conjugacy.
If R = V1 × Up ∼= 37, then R is conjugate to V2 = W as we saw in the
description of L2 given in the previous subsection. Note that considering Up
as the natural orthogonal module for NO+8 (3)(Up)/Up
∼= O+6 (3), it contains 130
isotropic points (respectively 117 points with norm +1 or −1) which correspond
to 3A (respectively 3B or 3E) elements in O+8 (3) (see also [2, p. 140]). They are
also totally isotropic points (or points with norm 1 or −1), when we extend Up to
the natural module V2 ∼= 37 for L2/V2 ∼=O7(3).
If R = V1 × UF with F = H1H2 (respectively pH1H2), then Z(R) is a 33
(respectively 32) subgroup of V1 ×UF = V2 which is totally isotropic, as they are
3A-pure in O+8 (3) and the remark in the above paragraph. Hence it follows from
Lemma 16(1) (respectively Lemma 17(1)) that NG(R) is conjugate to a subgroup
of L5 (respectively L4). ✷
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Step 3. (1) If NG(R) L2, then R = V2 or NG(R) Li for some i = 3,4,5.
(2) If NG(R) L5, then R = V5 or NG(R) Li for some i = 3,4.
Proof. (1) Assume R = V2. Then R/V2 is a unipotent radical of L2/V2 ∼=O7(3)
corresponding to a flag F of totally isotropic subspaces. Thus if the initial term of
F is an i-space (i = 1,2,3), then Z(R)= CV2(R/V2) is totally isotropic i-space
of V2, and, therefore, NG(R) L3, L4 or L5 by Lemmas 17(1) and 16(1).
The claim (2) follows from the same reasoning as above, because R/V5
is a unipotent radical of (L5/V5)′ ∼= L3(3) which naturally acts on Z(V5) =
W5 ∼= 33. ✷
Step 4. If NG(R) L4, then R = V4 or V (1,0)4 or NG(R) L3 up to conjugacy,
where V4 and V (1,0)4 form representatives of radical 3-subgroups ofGwith centers
conjugate to W4 =Z(V4), a 3B-pure 32-subgroup of G.
Proof. We have L4/V4 ∼= (A5 × 2A4)2, where A5 corresponds to CG(W4). Thus
if R = V4, then R/V4 = !R1 × !R2 with !R1 ∈ B3(A5)∪{1} and !R2 ∈ B3(A5)∪{1}.
If !R2 = 1, then Z(R)= CW4(!R2) is of order 3, generated by a 3B-element of G,
and thus NG(R) L3. If !R2 = 1, then Z(R)=W4 and NG(R)NG(W4)= L4.
Thus it follows from [16, Lemma 1(3)] that V4 and V (1,0)4 (the inverse image of!R1 ∼= 3) are representatives of the radical 3-subgroups ofGwith centers conjugate
to W4. ✷
Thus we are reduced to the case when NG(R) L3. As V3 is extraspecial, the
classes of such radical groups bijectively correspond to those of L3/V3 ∼=U5(2).2
[16, Lemma 1(4)]. Now we complete the classification by quoting Lemma 19, and
established the following theorem.
Theorem 20. There are just 11 classes of radical 3-subgroups of F ′24 with the
representatives in the Table 5, among which 9 classes except those of V1 and V6
are centric.
Table 5
Radical 3-subgroups of F ′24
R R ∼= Z(R) N(R)/R R R ∼= Z(R) N(R)/R
V1 3 =A1 O+8 (3)S3 V3 31+10+ 3=B1 U5(2)2
V6 32 =A2E2 2× (G2(3)2) V 13 V33 3 U4(2)2
V2 37 =A378B364C351 O7(3) V 23 V3(3× 31+2) 3 2× 2S4
V5 33[310] 33=B13 L3(3)× 2 V 33 V334 3 2× S5
V4 323438 32=B4 (A5 × 2A4)2 V s3 V3343 3 2× 22
V
(1,0)
4 V43 3
2 2A42
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5. Radical 3-subgroups of F22
5.1. Maximal 3-locals of F22
There are 4 conjugacy classes of elements of order 3 in G := F22, called 3A,
3B , 3C, and 3D, with normalizers NG(3A)∼= S3 × U4(3) : 2, NG(3B)∼= 31+6+ :
23+4 : 32.2, NG(3C)∼= (3× 34 : 2(A4 ×A4).2).2, and NG(3D)∼= (3× 32).3.32 :
2S4. All those classes are rational. As is stated in the first sentence of [13,
Section 5], every 3-local subgroup of G is contained in NG(3A), NG(3B), or
O7(3) (two classes).
We denote by Qi (i = 1,2) the representatives of two classes of O7(3)-
subgroups of G. Let (p, l,π) be a maximal flag of totally isotropic subspaces of
the natural module for O7(3), and let U(i)F be the representative of 7 unipotent
radicals of Qi (i = 1,2) corresponding to a subflag F of (p, l,π). Then
U
(i)
p
∼= 35, U(i)l ∼= 31+6+ and U(i)π ∼= 33+3 with normalizers 35 : O5(3).2, 31+6+ :
(2A4 ×A4).2 and 33+3 : L3(3) in Qi (i = 1,2). Every 3-local subgroup of Qi is
contained in one of those normalizers up to conjugacy.
It is known that G has a single class of 35-subgroups with normalizer 35 :
O5(3).2 [13, Section 3]. Thus U(1)p and U(2)p are conjugate. We identify them
and denote it by Up . The fusion of 3-elements of Up is given in the expositions
after [13, Lemma 3.1]: Up contains 36 (respectively 40 and 45) subgroups of
type 3A (respectively 3B and 3C) of G. Regarding Up as a natural module
for O5(3), the subgroups of type 3B in Up correspond to the totally isotropic
points. In particular, the maximal parabolic subgroup NQi (U
(i)
l ) is contained in
the normalizer of a group of type 3B for every i = 1,2.
Observing CG(3A), it is immediate to see that Up is self-centralizing. As
NQi (Up) induces the full automorphism on the orthogonal module Up , we have
NG(Up)Qi for both i = 1,2. Then NG(Up) is a maximal parabolic subgroup
of both Q1 and Q2, and Q1 ∩Q2 =NG(Up).
As U(i)pπ = UpU(i)π ∼= 3531+2+ , Z(U(i)pπ ) is contained in both Up ∼= 35 and
Z(U
(i)
π ) ∼= 33. As the latter group is 3A-pure inside Qi ∼= O7(3), the subgroups
Z(U
(i)
pπ ) = Up ∩ U(i)pπ for i = 1,2 are 3B-pure 32-subgroups of Up . Then they
correspond to totally isotropic lines of Up, and therefore they are conjugate under
NG(Up)=Q1 ∩Q2.
Note that the normalizers of Z(U(i)pπ ) and Z(U(i)π ) are contained in Qi , since
we may verify the conditions in [13, Lemma 5.1] for X = Z(U(i)pπ ) or Z(U(i)π )
and H = Qi (i = 1,2). (This claim corresponds to the expositions after [13,
Table 2] for the cases (ix), (x) and (xi).) Hence NG(Z(U(i)pπ )) = NQi (U(i)pπ ) is
a subgroup of bothNG(Z(U(i)π ))=NQi (U(i)π ) andNG(Up)=Q1∩Q2 (i = 1,2).
In particular, NG(U(i)pπ )∼= 33+3 : 322S4 ∼= 35(31+2+ 2S4).
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We will show that Z(U(1)π ) is not conjugate to Z(U(2)π ) under G. Suppose
Z(U
(1)
π )
g = Z(U(2)π ) for some g ∈ G. Then Z(U(1)pπ )g and Z(U(2)pπ ) are 32-
subgroups of Z(U(2)π ) ∼= 33, on which NG(U(2)π )/U(2)π ∼= L3(3) acts faithfully.
Thus Z(U(1)pπ )g = Z(U(2)pπ )h for some h ∈ NG(U(2)π )  Q2. However, as we
remarked above, Z(U(1)pπ )k = Z(U(2)pπ ) for some k ∈ Q1 ∩ Q2. Then hg−1k
normalizes Z(U(2)pπ ). As NG(Z(U(2)pπ ))  Q1 ∩ Q2, we have g ∈ Q2, which
implies NG(U(1)π )=NG(U(2)π )g−1 Q1 ∩Q2 =NG(UP ), a contradiction.
Summarizing, we verified the following results.
Lemma 21. There are just 5 classes of maximal 3-local subgroups of F22, with
representatives:
• L1 :=NG(〈a〉)∼= S3 ×U4(3), normalizer of 〈a〉 of type 3A;
• L2 :=NG(〈b〉)∼= 31+6+ : 23+4322, the normalizer of 〈b〉 of type 3B;
• L3 :=NG(Up)∼= 35 :O5(3).2, the normalizer of a 35-subgroup Up ;
• L4i :=NG(U(i)π )∼= 33+3 : L3(3), the normalizers of non-conjugate 3B-pure
33-subgroups U(i)π (i = 1,2).
Lemma 22. (1) There is a single class of 35-subgroups of F22.
(2) There are just two classes of 3B-pure 33-subgroups of F22 contained in
some O7(3)-subgroups, with representatives U(i)π (i = 1,2).
(3) There is a single class of 3B-pure 32-subgroups of F22 contained in
35-subgroups. If X  Up ∼= 35 is such a subgroup, then the normalizer NG(X)
is contained in both NG(Y (i)) (i = 1,2), where Y (i) is a 3B-pure 33-subgroup
containing X and conjugate to U(i)π . In particular, 33+3 : 322S4 ∼=NG(X) L4i
(i = 1,2) up to conjugacy.
5.2. Classification
Now the classification of radical 3-subgroups of G are easily completed as
follows. We set Vj := O3(Lj ) (j = 1,2,3,41,42). Then V1 ∼= 3, V2 ∼= 31+6+ ,
V3 = Up ∼= 35 and V4i ∼= 33+3 with Z(V4i)= U(i)π (i = 1,2). Let R be a radical
3-subgroup of G. We may assume that NG(R) Lj for some j = 1,2,3,41,42.
If NG(R)  L1 but R = V1, then R = V1 × VF , where VF is a unipotent
radical of U4(3) corresponding to a subflag F of a maximal flag (P,L) of totally
isotropic subspaces of the natural module. If F = P , then V4 ∼= 34 and hence
the 35-subgroup R is conjugate to V3 =Up. As VL ∼= 31+4+ , if F contains L, then
Z(R) is a 32-subgroup generated by V1 of type 3A andZ(VL) of type 3A in U4(3)
(and hence 3B in G). It follows from the fusion of L1 in G (diagonal elements)
given in the exposition after [13, Lemma 3.1] that it has a unique subgroup of type
3B (the other three are of type 3A). Thus NG(R) L2 up to conjugacy.
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As L3/V3 ∼= O5(3).2, if NG(P)  L3 but R = V3, then R/V3 is a unipotent
radical of O5(3), which corresponds to a flag F of subspaces of totally isotropic
subspaces of the natural module V3 for L3/V3. If F contains a point, then Z(R)=
CV3(R/V3) is a subgroup of type 3B , as subgroups of V3 of type 3B correspond
to totally isotropic points. Then NG(R)  L2. If F is a line, Z(R) is a 3B-
pure 32-subgroup of V3. Then it follows from Lemma 22(3) that NG(R)  L4i
(i = 1,2) up to conjugacy.
Assume NG(R)  L4i but R = V4i for some i = 1,2. As L4i/V4i ∼= L3(3)
acts on Z(V4i) faithfully, Z(R) = CZ(V4i)(R/V4i ) is at most dimension 2 for
a unipotent radical R/V4i of L3(3). If the dimension is 1, then Z(R) is of type
3B and NG(R) L2 up to conjugacy. If the dimension is 2, then Z(R) is a 3B-
pure 32-subgroup of U(i)π and hence NG(R) NG(Z(R)) L4i =NG(U(i)π ) by
Lemma 22(3). Thus it follows from [16, Lemma 1(2)] that the inverse image V (l)4i
of a unipotent radical of L4i/V4i corresponding to a point is in fact a radical
3-subgroup of G.
We claim that V (p)41 is conjugate to V (p)42 . Their centers are 32-subgroups of
U
(i)
π = Z(V4i) (i = 1,2), and thus they are conjugate by Lemma 22(3). We may
assume Z := Z(V (p)41 ) = Z(V (p)42 ). As NG(V (p)4i )  L4i , we have NG(V (p)4i ) ∼=
33+3322S4 (i = 1,2). As NG(V (p)4i )  NG(Z) and NG(Z) ∼= 33+3 : 322S4 by
Lemma 22(3) for both i = 1 and 2, we have NG(V (p)41 ) = NG(Z) = NG(V (p)42 ).
ThusO3(NG(Z)) coincides with V (p)4i for both i = 1 and 2. Hence there is a single
class of radical 3-subgroups of G with centers conjugate to Z(Upπ), represented
by V (p)41 .
Now we are reduced to the case when NG(R)  L2. As V2 is extraspecial,
from [16, Lemma 1(4)] there is a bijective correspondence between the classes
of radical 3-subgroups of G each of whose centers is of type 3B and those
of P2 := L2/V2 ∼= 23+4 : 32.2. The structure of P2 is described in [13,
Section 3]: O2(P2) = 23+4 corresponds to the subgroup of Q8 × Q8 × Q8
consisting of (g1, g2, g3) with g1g2g3 ∈ Z(Q8), and a complement is given by
a group generated by τ , α, and σ sending each element (g1, g2, g3) of O2(P2)
respectively to (g3, g1, g2), (gω1 , g
ω
2 , g
ω
3 ), and (g
ι
1, g
ι
3, g
ι
2), where ω and ι denote
automorphisms of Q8 of order 3 and 2, respectively, with ωι = ω−1. It is
straightforward to calculate their normalizers:
NP2
(〈τ,α〉) =NP2(〈τ 〉)= ({(g, g, g) ∣∣ g ∈Z(Q8)}× 〈τ,α〉)〈σ 〉
∼= (2× 32)2,
NP2
(〈α〉)= ({(g1, g2, g3) ∣∣ gi ∈ Z(Q8)}× 〈α〉)〈τ, σ 〉 ∼= (23 × 3)S3,
NP2
(〈τα〉)= ({(g,gω,gω2 ) ∣∣ g ∈Q8}× 〈τα〉)〈α,σ 〉 ∼= (Q8 × 3)S3, and
NP2
(〈
τ−1α
〉)=NP2(〈τα〉)σ .
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Table 6
Radical 3-subgroups of F22
R R ∼= Z(R) N(R)/R R R ∼= Z(R) N(R)/R
V1 3 =A1 2×U4(3)2 V2 31+6+ 3=B1 23+4322
V3 35 =A36B40C45 O5(3)2 V (1)2 V23 3 23S3
V41 33 33 =B13 L3(3) V (1
′)
2 V23 3 Q8S3
V
(p)
41 V413
2 32 =B4 2S4 V (1
′′)
2 V23 3 Q8S3
V42 33+3 33 =B13 L3(3) V (2)2 V232 3 22
Thus B3(P2) consists of four classes with representatives 〈α〉, 〈τα〉, 〈τ−1α〉, and
〈τ,α〉. Hence we obtain 5 more classes of radical 3-subgroups of G including the
class represented by V2.
Summarizing, we established the following theorem.
Theorem 23. There are just 10 classes of radical 3-subgroups of F22 with the
representatives in Table 6, among which 9 classes except that of V1 are centric.
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